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ABSTRACT

The design of fuel optimum, position and thrust constrained,
randomly disturbed spacecraft attitude control systems is a continuing
engineering problem. A closely related problem is one in which velocity
is directly controllable (here called an antenna steering problem). In
their simplest form these problems are easily reduced to those of mini-
mizing the fuel expended to maintain a given intégral position error
squared for randomly disturbed double integrator and single integrator

systems, respectively.

Among the many potentially useful methods of approaching these
optimum control problems, that based on Hamilton-Jacobi Theory is
pursued here. The Hamilton-Jacobi type equation for the disturbance
free system is well known. A similar equation for the stochastic case

is presented in this study.

Solutions to these equations are unavailable in general. The
deterministic Hamilton-Jacobi equations for the problems under study
here are solved analytically and are valid for all states and times to go.
A steady state analytic solution for a stochastic case is presented in
this study, but the time dependent problem is found to be analytically
intractable. As a result, the stochaétic cases are solved approximately

using numerical techniques.



Chapter 1

INTRODUCTION

1.1 Optimum Spacecraft Attitude Control

There exists a continuing need for investigations into methods of
improving the design and performance of spacecraft attitude control
systems. Evidence of this need may be seen regularly in the pertinent

' 1,2
literature. '~

Further evidence may be seen in the requirements of

future space missions. The trend towérds long duration missions is
placing increasingly greater demands on attitude control systems in terms
of minimum weight and power, and maximum reliability. The performance
requirements in terms of attitude accuracy, speed of response to distur-
bances, and dynamic range are simultaneously becoming more stringent
due to the requirements of some spacecraft devices, such as highly direc-

tional scientific instruments, of greater navigational accuracies, and of

the environmental factors of manned spaceflight.

1A reading list and complete references appear in Appendix A.
Recent references include:

E. I. Ergin, "Current Status of Progress in Attitude Control, " ATIAA
Progress in Astronautics and Aeronautics, XIII (June, 1964), 7-36;

J. S. Meditch, "On Minimum-Fuel Satellite Attitude Control, ' IEEE
Transactions on Applications and Industry, LXXXIII, 120-128;

M. Athans, '"On the Uniqueness of the Extremal Controls for a Class
of Minimum Fuel Problems," IEEE Transactions on Automatic Control,
Vol. AC-XI, 660-668; and

J. B. Plant, "An Iterative Procedure for the Computation of Fixed-
Time Fuel Optimal Controls,! IEEE Transactions on Automatic Control, .
Vol. AC-XI, 652-660.
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The investigation leading to the results that are described in the

sequel was concerned with a more theoretical than practical attitude con-
trol problem. Of interest is a quantitative evaluation of the best (optimum)
performance available from a given class of <c ontrol systems. Once this ]
result is available, it may be used as a "bench mark' against which the {
performance of actual systems may be compared. It may g.lso be used as

a mody<'a’1 for the design of approximate systems. Several interesting tech-

niques for designing such approximately optimum systems have recently

been developed. 3 These will not be discussed further here.

Attention here will be directed to rather idealized attitude control
situations. The spacecraft kinematics will be considered to be a mass
rotating symmetrically about a single axis. Attitude will be maintained
by an active controller (thruster, jet) imparting a restoring torque to

correct any attitude error.

With respect to figures of merit for system performance Ergin
points ou that ,... selection of valid criteria is just as important as the

optimization process. n Although Ergin would consider them 'constraints

Three are described in the following:

P. M. DeRusso, R. J. Roy, R. W. Miller, and B. W. Nutting Adaptive-
Predictive Modeling of Nonlinear Processes, National Aeronautics and
Space Administration Report No. CR-86;

J. C. Bowers, Optimum Analogue and Digital Attitude Control Systems
for Space Vehicles (unpublished Sc.D., Dissertation, Washington Univer-
sity, June, 1964); and

C. R. Walli, Finite State Attitude Control, Department of Electrical
Engineering Report No. USCEE 158, University of Southern California.,

Ergin, loc. cit., p.8.



of the particular mission', the attitude accuracy and amount of fuel used
for attitude control are clearly important design parameters. These are
the performance criteria used in this investigation. They will be treated
in terms of a minimum fuel problem: minimize the fuel expended over a

mission while maintaining a given bound on attitude error.

1.2 An Optimum Spacecraft Attitude Control Problem

1.2.1 A Physical Characterization of the Basic Problem
The Plant, Consider the simplified spacecraft attitude control

situation depicted in Figure 1-1, The figure represents the kinematics

/

’,

F/

/

Figure 1-1Simple single axis altitude
control situation

of a rigid body spacecraft about one of its axes. The motion of the center
of mass is not of concern, and motions about other axes are assumed to

be uncoupled with those about this axis.,

For a more detailed presentatiorn. ofattitude control dynamics, see

D. B. DeBra, ""The Large Attitude Motions and Stability, Due to Gravity,
of a Satellite With Passive Damping in an Orbit of Arbitrary Eccentricity
About an Oblate Body, " Report No. SUDAER 126, Stanford University,
May 1962,



The dynamics of this situation can be described by

1 =1 =
.2
dt

F(t) 2r (1.1)

V| =

where 0 is the (instantaneous) spacecraft attitude (0 is its angular
acceleration), I is its moment of inertia, and F(t) is a net disturbing
force applied symmetrically at a radius, r, about the axis. The periodi-

city of attitude will not be considered in the sequel.

The Control and Disturbances. The force F(t) consists of both

random disturbances and the thrust of the attitude control mechanism.

The random disturbance sources may be such items as moments imparted
during spacecraft separation frofn the boost vehicle, the movement of men
and equipment aboard the vehicle, or the starting and stopping aboard the
;vehicle of rotating devices (e.g., tape recorders and gyroscopes). These
disturbances are all characterized by time durations considerably shorter
than those of the system dynamics of interest. This characteristic is
precisely that which characterizes Brownian motion and, hence, white
noise. Thus, the disturbances will be summarized and represented by

a zero mean, white, gaussian random process.

The attitude control mechanism will be assumed to be a variable
thrust device subject to a saturation {magnitude) constraint. This assump-
tion is a little more general than that of the on-off type jets commonly used
for attitude control because of their simplicity and reliability; the assumed

form will turn out to give results identical to the on-off-on case, because
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of the well known result that attitude constrained fuel optimization prob-

lems, at least in the noiseless case, lead to on-off-on type solutions.
Thus, let

r F(t) = m(t) +n(t) , | (1.2)

where m(t) is the control torque and subject to
| m(t)] < M = constant , (1.3)
and n(t) is the random disturbance process having mean zero and spectral

density NO. It should be noted that the presence of the random input to

the system causes {(l.1) to become a stochastic differential equation.

The Performance Objectives. The objective is to derive a policy

of control for the thrusters such that the expected total fuel expended for
attitude control during a mission is made a minimum. At the same time
the expected average attitude error must be maintained below some bound.
A mean square error definition will be used here as is common for this
type problem. It is well known that this definition produces properties
which are both physically meaningful and mathematically convenient,

This measure also is known to provide identical results to other"rneasures

for a wide class of problems, at least for the noise free case.

6

M. Athanassiades, '"Optimal Control for Linear Time-Invariant Plants
- with Time, Fuel, and Energy Constraints,'" AIEE Transactions, Part II,
on Applications and Industry, LXXXI, 321-325,

75. Sherman, '""Non-Mean-Square Error Criteria, " IRE Transactions on

Information Theory, Vol. IT-1V, 125-126.




Thus, it is required that

t

1k 2 ,

) j't Cot-p(e 1 at] oty B )) <X, (1.4)
0

a (1) {(tf

where tf_tO is the specified length of the mission, and p(t) is the specified,

?
e

desired attitude.

It is typical for space vehicles that the desired attitude,: except
for a few isolated attitude maneuvers, is either constant or changes very
slowly compared to the vehicle attitude dynamics. Thus, it will be assumed

that p(t) = p, a constant.

.The fuel. criterion may be written in integral form:

t
Expected Fuel Used = E‘n(t)[ Itf [m(t)}dt |9(t0),°9(t0~)] (1. 5)
0

The criterion and constraint as stated here may be inbedded into a more
general family of optimization problems by applying the method of Lagrange

mull:ipliers.(,3 This leads to the expression
i 2 . ,
E ) { jt [lm(e)] +2{e()-p } It T 6(t), e(t-O)} | (1. 6)
0 ;

which is to be minimized. The coefficient A is the Lagrange multiplier

and it includes

8 The notation En(t)[ g(6,t) |0 (to), 8(t ) Jwill be used to represent the
conditional expectation, given 8(t )and Q(to), of the quantity g(0,t) with
respect to the random process n(?). _

9
See, e.g., Kaplan, Advanced Calculus, 128-129.
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the term from (1.4). It is evaluated from the minimum value of

1
%
(1.6) and the constraint equation, (1.4).

The steady state behavior of the system is of particular interest.

In this case, of course, t -to * ®, Normally't

¢ will be assumed zero,

0
but it will be useful in some places to carry the more general notation,
It is obvious, of course, that the performance of the optimum system

must be stable or at least have a stable (and small) limit cycle.

Problem Statement. The p-roblem having been rather carefully

developed, it may now be succinctly stated in mathematical terms as

follows.

PROBLEM 1-1, MINIMUM FUEL ATTITUDE CONTROL PROBLEM: Given

A, A linear, time-invariant, dynamic system described by the

differential equation

I8(t) = m(t) + n(t), (1.7)

where n(t) is a white gaussian random process having mean zero

and spectral density N

02
B. The restriction that

m(t) € 7, ~ (L8
where ' '
WZ = {m(jr): m(8, é, t) a measurable function on 8, é, and t€[0, »);

| m(ty| < M} (1.9)



is the set of admissible controls; and

C. The boundary conditions

1. G(to) = 901 (1.10)
and

[uRr——

2. é(to) =8, (1.11)

Then, find the feedback control, mo(e(t), é(t),t) that

1, Transfers the system from( 301)
02

according to (1. 1),

2. Satisfies (1.7) and (1.8), and

3. Causegs the quéntitj

t
P-= En(t)U't £ |m(t) | + X[G(t)-p]z}dtlS(to),e(to)] (1. 12)
0

for given A and pto be a minimum.

1.2.2 A Related Problem

There is a problem closely related to Problem 1-1, which is of
interest in the sequel.r This is the problem/of maini:aining the position of
a system for which the velocity rather than the accieleration of the plant
is controlled. Because these dynamics are typical of certain types of
tracking antennas such as those used for earth tracking of space vehicles,
this problem will be called an antenna steering problemIS) Maintaining as
much as possible the notation of the attitude control problem, this problem

becomes the following.

10Such an antenna, rotating at sidereal rate and a faster slewing rate, is

described in K, W, Linnes, W, D, Merrick, and R, Stevens, "Ground

Antenna for Space Communication'', IRE Transactions on Space Electronics

and Telemetry, Vol. SET-VI,

4
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PROBLEM 1-2, MINIMUM FUEL ANTENNA STEERING'PROBLEM‘: Given

A.

A linear, time invariant, dynamical system described by

the differential equation

186 = r F(t), (1. 13)
where

r F(t) = mf(t) + n(t) , (1.2)

and where n(t) is a white gaussian random process having

mean zero and spectral density N

03

The restriction that

m(t) € 7, (1.8)

where

7’1 = {m(t): m(6,t) a measurable function on and te[ 0, = ];-

|m(t) | <M} . (1. 14)

is the set of admissible controls: and

The boundary condition

8(t,) = 8- | (1. 10)

Then, find the feedback control, mo(e(t), t) that

1. Transfers the system from 90

1
according to (1. 13) and (1. 2),

2. Satisfies (1.8) and (1, 14), and

3. Causes the _quantity



10

t
Pé=En“Y{sj{|nﬂﬂl+k[9&%p]2}dtleﬁb)} (1. 15)
0

for given A and p to be a minimum.

1.3 Normalization

It is useful to investigate the dimensionality of the relations found
in Prqblems 1-1 and 1-2. This not only will allow the celations to be
~somewhat simplified, but also will permit the results of a single optimi-
zing analysis to be applied in a known way to several physical cases. In
the first section below the preliminary step of removing the reference
input, p, from the equations is performed; in the second, dimensionality
is used to determine the minimum set of necessary parameters in the

equations.

1.3.1 The Reference Input

Let a new position variable, o(t), be defined by the relation

Upon substitution for the occurrences of 6(t) in Problems 1-1 and 1-2,

there results from (1.1), (1. 10) (1. 11), and (1.12), respectively,
I0(t)= Ig(t)= r F(t),
B(to) = (p(to)_+ P or 94y = GOI—p,
Bleg) = ot
and te 2 .
P=E_ [ft (Tmie #2620 ] e oleg), o0t 3.
0 :

Thus, the reference input p may always be taken as zero. For arbitrary

&
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reference input, the results of the zero input case hold with a simple

change of variable of the form (1.16).

1.3.2 Non-Dimensionalizing

Problems with dimensionless variables may be derived from
Problems-l-l and 1-2. To this end the following relations are defined.
In each relation the capital letter represents an undetermined charac-
teristic dimension of the problem, and the new lower case letter repre-

sents a non-dimensional problem variable.

t* = Tt (1.17)
% .
x(t ) = 86(t) ., o (1.18)
" .
u(t ) = Lm/(t) " (1.19)
Also for convenience let
. dx
y=x=&-Pg_. ’ (1.20)
Note that then
A _
Xy = x(to)— ®8(t0) , (1.21)
and
A P .
v,= vt )= 08 6(t)) . (1.22)
0 0 0
T
Substitution into (1.1) and (1.12) of Problems 1-1 and 1-2 yields
2 2 1
d do~N _ T x _ 1 R
I dt)- 5 T, T uTT oat) (1.23)
dt
and
£ . - 11
[ fffqu A 2y, ot®
P’En“ut{lL‘.Jr@zx}d<‘i*)'xo’yo]' (1.24)
0

11, The noise term must be scaled in amplitude when the time scale is
changed., See L, Levine, Methods for Solving Engineering Problems, 350.
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The selection of values for T, ®, and L may be made arbitrarily.

It will be useful to require that

|ul < 1.
Then,
_ 1
L M L)

Substitution into (1.23) and (1.24) and rearranging leads to

dzx - ®Mu+ @ n
% 2
dt 2 IT2 IT3/
and
t* .
TP f A 2 %*
—=E[j. { lul + x }dt Ixy].
0
Now set
A
_.____2 = 1 R
MO
and
®M2 = 1 *
IT
These yield
1/2
o= (%)

and
1/4

T = (:5§4 )
I

After introducing a normalized cost,

= min P(——) min P( )
' M2

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)
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which includes the required minimization operator, (1.27) and (1.28) -

become -
2 S
dx _ T : .
2 u+<M n, (1.34)
. dt
and
tF 2
J= min E [I {lul +x°] at* |x ,y ] (1.35)
n * : 0’0
ueU t ~

0
Here U'= {u: u= Lm, mEWZ}

Finally, introduce the parameter

N T

(1.36)

The reasons for this particular choice will be clear in the sequel, but
cannot readily be justified at this time. It will turn out that d is the only
required parameter for the normalized versions of the basic problems.

This substitution leads to the following expression for (1.34):

dzx _ 7 4nMd
-5 u+< T

*2 5.
dt N,T

n. (1.37)

Problems 1-1 and 1-2 will now be reétate_d in normalized fo.rms.
Thi:s will serve both to summarize the present*sectioﬁ and to provide a
convenient form of problem statement for reference in the sequél. The
star on the new time variable will now be dropped. Also, the position
variable for the antenna steering problem will be y rather than x in order

to make the two problems look as similar as possible.
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'PROBLEM 1-3. ATTITUDE CONTROL PROBLEM: Given

A, A linear, time invariant, dynamical system described by the

differential equations

x = y(t) (1.38)
and
. 4mmd
y=um)+ (=)0 (1.39)
N T*
Ol
whg;e n(t) is a white, gaussian, stochastic process having
mean zero and spectral density NO;
B. The restriction that
ut) e U, (1. 40)

where

u = {u(t): u(x, y,t) a measurable function on x,y,,and te[ 0, ®);

lu®)] < 13 (1.41)
is the set of admissible controls; and
C. The b~oundary conditions
1. x(t0)= X ; (1.42)
and
2. ylt)= vy, . (1.43)

Then, find the feedback control, uo(x, y, t), that

X
1. Transfers the system from <YO >

0
according to (1.38) and (1.39),
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2. Satisifes (1.40) and (1.41), and

3. Causes the quantity

t ;

J = min E Uf{ lu| + x%}dt] x_,y ] (1.35)

n 0°°0
ueU ‘ to , ’

to assume the indicated minimum.

PROBLEM 1:4. ANTENNA STEERING PROBLEM: Given

A. A linear, time invariant, dynamical system described by

the differential equation (1.3.9), where n(t) is a white, gaussian,

stochastic process having mean zero and spectral density, NO;

B. The restriction B of Problem 1-3; and

C. The boundary condition (1.43).

Then, find the feedback control, u-o(x, y, t), that

1. Transfers the system from Yo according to

(1.39),

2., Satisfies (1.40) and (1.41), and

3. Causes the quantity

: .
| 2. ...
J= minE Hf{ |ul+y“}atly ] (1.44)
n t 0
ueU 0

to assume the indicated minimum.

1.4 Available Methods of Analysis and Related Problems

1.4.1 Available Methods of Analysis

Except for a few special methods there are three basic approaches
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to the solution of the stated problems. These may be roughly identified
by their association with (1) the Maximum Principle of Pontryagin,

(2) Hamilton~-Jacobi theory, or (3) approxirnation methods, The first
two classes of methods are more or less énalytical, while the last tends
to be numerical. As might be expected, the available techniques are
much more highly dgveloped'for the deterministic cases (n(t) = 0) than

for the stochastic situations.

Since the work described in the sequel concentrates on Hamilton-
Jacobi techniques, these methods will not be described here. The other
two approaches will be discussed in the following paragraphs, both for

deterministic and stochastic cases.

The Pontryagin Maximum' Principle for deterministic systems is
a highly developed tool. 12 The primary obstacle to the application of this
technique is the open loop nature of the resulting optimum control. When
a feedback control is required, it must be synthesized by special techniques
that usually involve some form of trajectory tracing. When switching
curves are invofved in the control law, and when the switching curves do
not fall along trajectories, the control may involve an infinite number of
switchings an& rather special methods must then be applied to identify the

switching curves.

1
2L. S. Pontryagin, et. al., The Mathematical Theory of Optimal

Processes,
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Such is the case for Problem -~13, A solution to this (deterministic)
?roblém by the maximum principle is straightforward (although nurﬁerical
computation may be required to solve the resulting two po.int boundary‘value
problem). 13 The resulting optimum control has the form of a time function
prescribed for each initial state. Then, synthesis of a feedback control for
a given time interval of operation (i.e., a given time to go) essentially
involves locating a set of éwitching curves.b This may be done by rtecording
the optimum switching point locations for several different initial states
and fitting a curve (such as a least squares polynomial) through these
locations. If the switching points converge to particular curves as the
given time interval grows indefinitely, these curves are the optimum steady

state switching curves for the system.

A maximum principle for stochastic, continuous-time systems
apparently has not been developed. This is not to surprising, because
an optimum stochastic system is of necessity a feedback system, while
the maximum principle leads naturally to non-feedback solutioné. Some

development of feedback maximum principle approaches to discrete time

3‘Typic:a.l treatments of these computations may be found in C, W,
Merrian III, Optimization Theory and the Design of Feedback Control
Systems, Chapter 10

and
M. D. Anderson and S, C. Gupta, '"Backward Time Analog Computer

Solutions of Optimum Control Problems', Proceedings AFIP Spring
Joint Computer Conference 1967, 133-139,
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C 14,15 : .
systems has been accomplished. A cursory investigation of these
methods to discrete time approximations to Problems 1-3 and 1-4 has
revealed that the methods do yield results with some of the properties
one might expect for these problems, but the calculations involved are

very lengthy. In addition, there exist some problems in verifying the

properties required to establish the applicability of the methods.

There are several approximation techniques applicable to deter-
ministic cases of the given problems. These include dynamic program-
ming, steepest descent in function space, and parameter optimization

1
techniques. 6,’ 17

In the latter technique some form for the switching
curves (i.e., the feedback control law) must be assumed, after which its
parameters may be optimally selected. Because straightforward analytical

solutions are available for the given problems, it seems superfluous to give

very much attention to approximation methods for deterministic cases.

There are two primary approximation approaches to the stochastic

problems that warrant consideration. The first of these is dynamic

14'H. D. Kushner and F. C. Schweppe, '"A Maximum Principle for Stochas-~

tic Control Systems, ' Journal of Mathematical Analysis and Applications,
VIII, 287-302.

15D. D. Sworder, '"On the Control of Discrete Time Stochastic Systems, "

Department of Electrical Engineering Report No, USCEE 145, Univer-
sity of Southern California.

16R E. Bellman, Dynamic Programming, or

R. E. Bellman and S. E. Dreyfus, Applied Dynamic Programmmg

17
A. E. Bryson and W, F, Denham, "A Steepest-Ascent Method for

Solving Optimum Programming Problems,' ASME Journal of Applied
Mechanics, LXXXIV, 247-257.
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1 i
programming. > Dynamic programming may be applied directly to

discrete approximations to the given problems., While it is not obvious
that all of the properties required to prove convergence can be verified,
this is not so great a drawback as is the well known '"curse of dimension-

ality''. This curse manifests itself in excessively long computation times.

The second approximation approach requires the form of the control
law to be assumed. Thié reduces the optimization problem to a parameter
optimization problem. The parameters may be estimatéd using such tech-
niques as the stochastic approximation of Robbins and Monro. 19 It is very
likely that a formulation based on stochastic approximation will fall outside
the presently verified sufficiency conditions of convergence, but this
approach should be considered only as a last resort anyway. This is because
it is essentially a method which delivers an answer without any real con-

comitant insight into the problem.

An approximation approach that should also be noted is that of

18
The computation times, using a dynamic programming formulation of
the attitude control problem implemented early in this study, were two
orders of magnitude higher than those using the numerical techniques of
Chapter 5 as indicated by a coding analysis,

19
H. Robbins and S. Monro, "A Stochastic Approximation Method', Annals
of Mathematical Statistics, XXII,

A good introduction to this technique is given in D, J, Wilde, Optimum
Seeking Methods.

A good recent survey of this technique appears in N, V, Loginov,
""Methods of Stochastic Approximation'', Automation and Remote Control,
XXVII, 185-204. '
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simulating the system on, say, an analog .computer and making repeated
runs with varvious parameter settings. It should not take too long with
such a technique to find a feedback control that yields a relatively low
cost. The problem here is that one can never be sure that an absolute
minimum has been found. ‘In many respects this simulation approach

shares this difficulty with the previous stochastic approximation approach.

1.4.2 Related Problems

The previous section has reviewed methods potentially applicable
to solving the given problems. These methods may or may not have been
applied to‘problems as specific as the given problems. This section is
intended to briefly survey some of the resglts availab‘le for problems
whqse formulations closely resemble Problems 1-3 and 1-4, but which

differ in some significant way.

Unconstrained Fuel, Quadratic Cost Problems. For both the
deterministic and stochastic cases, solutions are available for the
problems arising from 1-3 and 1-4 when (1.3) is not required and when

(1.35) and (1.44) are replaced respectively by

» t
f 2 2
J = min E [J {u"+x"}dt|x ,vy ] (1.45)
n 0°0
ue U t :
0
and
bt 2 2 18
J= min E H {u“+y°1dt]y ] (1.46)
n 0 ‘
ue U tO

The control law for these problems turns out to be linear feedback, and
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the coefficients are readily computed, being the solutions to matrix
Ricatti differential equations, The computation must usually be numeri-

20

cal.

Constrained Fuel, Quadratic Cost Problems. The introduction

of a fuel constraint into the quadratic cost problem eliminates the possi-
bility of linear feedback control laws (unless the position errors are quite
small). 21 The deterministic problems are essentially solved by Athans
in the previously cited reference. The stochastic problems have not been
solved, apparently, and they can be shown to possess nonlinearity diffi-

culties very similar to those encountered in the sequel.

Constrained Fuel, Quadratic Position Error Problems. When

the control energy or fuel term is dropped completely from (1.45) and
(1.46), another class of problems develops. This class is really a
limiting case of Problems 1-3 and 1-4: the case when A— « in (1, 6).
These problems have been investigated thoroughly in the deterministic
case by Fuller and his associates at Cambridge. Some of the results and
references appear in Section 3.1 below. Stochastic problems in' this

class apparently have not been treated to date.

Fuel Optimum Problems. One last class of problems will be

20
For a discussion of the deterministic case, see

M. Athans and P. L. Falb, Optimal Control, Chapter 9.

The stochastic case is discussed in
J. J. Florentin, '"Optimal Control of Continuous Time, Markov Stochas-
tic Systems, " Journal of Electronics and Control, X, 473-488,

21 -
See, e.g., M. Athanassiades, loc., cit.



22
considered. In this class the integral position error term is dropped
from (1.45) and (1.46). (This corresponds to letting A0 in (1.6).) In
its place a target set, or enforced terminal state, is imposed, say
x(tf) = y(tf) = 0. Of course, this problem makes sense only in the deter-

22
ministic case, and it has been treated rather fully.

The remainder of this report will be concerned with the principal
topic of this effort:namely, Hamilton-Jacobi related approaches to the

solution of Problems 1-3 and 1-4.

22 See, e.g., M. Athans and P. L. Falb, op. cit., Chapters 6 and 8.



Chapter 2

A HAMILTON-JACOBI EQUATION TYPE FORMULATION OF THE
PROBLEMS

In this chapter partial differential equations of the Hamilton-
Jacobi type will be derived from the prdperti_es of Problems 1-3 and 1-4,
The basic properties will aléo be shown to imply certain properties of the
cost surface and switching curves, which will be needed later for solving ’
the equations, The first section below treats the noise-free case; the

second treats the stochastic problem.

2.1 Deterministic Case

2.1.1 Derivation of a Hamilton-Jacobi Type Equation
In this section Problems 1-3 and 1-4 will be tréated in the noise

free case, that is, with
n{t) = 0, (2.1)

In this case the expectation may be dropped from the cost
relations, (1. 35) and (1, 44) because of the fact that the integral is no
longer a random variable,

- There are two basic methods which permit the stated problems
to Ee converted into problems involving the solutions to partial dif-

ferential equations of the Hamilton-Jacobi type. These methods will be

This follows L.I, Rozonoe/r, "L.S. Pontryagin Maximum Principle in the
Theory of Optimum Systems'', Automation and Remote Control, XX,
1288-1302, 1405-1421,1517-1532.
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2
called the methods of Bellman and Kalman for obvious reasons.

Following Kalman the results may be written down immediately.

Problem 1-3,

For Problem 1-3 the Hamilton-Jacobi type equation is

dJ . aJ dJ 2
- — = n —_—ty =4 x + 2.2
3t mi {ua YB ‘u‘} ( )

Problem 1-4,

For Problem 1-4 the Hamilton-Jacobi type equation is

J J 2
-a—-=min{u-2;+y +lu1} (2.3)

ot uey
If (2.2) and (2. 3) are interpreted strictly, fhey are applicable
only at the initial time, t_; but if the initial time is considered variable,
then these equations may be interpreted as applicable at any time. It
will be convenient to make a 'change of variable and treat (2,2) and (2. 3)

in terms of time to go, T. This is possible because of the autonomy of

the system. Let

2 For Kalman's approach see:

R.E. Kalman, '"The Theory of Optimal Control and the Calculus of
Variations, ' ed. R. Bellman, Mathematical Optimization Techniques,
309-331,

or
M. Athans and P, L. Falb, Optimal Control, 355-363.

For Bellman's approach, see for example:
R.E. Bellman and S, E, Dreyfus, Applied Dynamic Programming,
Chapter 5.
or :
C.W. Merriam IiI, Optimization Theory and the Design of Feedback

Control Systems, Chapter 5,
' -24-




T=t -t , (2,4) .

f
and
o = tf - t0 . (2. 5)
Then (2.2) and (2. 3) may be replaced by the equations,
%:min{ug—{-{-yg—f—{+xz‘ul} : (2. 6)
weu %
and
) .
S—q_—:min{ug—J-}y + |ul}, . (2.7)
uey y

respectively, In the sequel the following terminology with respect to T
will be adopted: the condition T = 0 rather than the system initial condition,
T = 7,, will be called the initial condition for the partial differential

0

equation, The latter will be called the terminal condition.

2.1.2, Properties of the Cost Surfaces and Switching Curves

Several properties of the cost surfaces and switching surfaces
associated with Problems 1--3 and 1-4 or equations (2. 2) and (2. 3) are.
stated and justified in the paragraphs that follow. The justifications fall
somewhat short of being mathematical proofs, although in general they
do sketch out possible proofs, The properties are stated in Problem 1-3.

The corresponding properties for Problem 1-4 follow in an obvious way.

PRQPERTY 2. 1-1, INITIAL CONDITION: For all values of the state variables,

the initial cost (T = 0) is zZero.

This property is a direct result of the equation defining the
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cost: namely (1, 6). Whenever T = 0{i.e., t,. = to) in this equation, it is

f
clear that the corresponding cost, J, is zero, regardless of the initial
X
state, . -
Yo

PROPERTY 2. 1-2, SYMMETRY: Problem 1-3 is unchanged under a change .

of variables of the form

X P -x
y -y Yy (2. 8)
u - -u.

This property is easily verified by reference to the basic
problem equations with n(t) =0--1in particvular (1.38), (1.39), (1.41),
and (1.35). It may also be verified in the Hamilton-Jacobi equation,

(2.2). This property is one of symmetry about the origin of state space.

PROPERTY 2, 1-3, EXISTENCE OF CHARACTERISTIC CURVES AND TRAJECTORIES

There is a family of curves in phase space, (X X Y X T), intrinsicly

defined by the Hamilton-Jacobi eciuation. These curves are the

trajectories of the system. Their projections onto the cost surface

are called characteristic curves,

Consider the general total derivative of the cost surface along

some curve, S:
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dJ _3J dr 3 dx 3] dy
=S o b e b o L, .
ds 3T ds ?3dxds +ay ds (2.9)

Comparison of this equation with (2. 6) after substitution of the optimum

control, u, indicates that the parametric curve described by

L (2. 10)

—=- ' (2.11)
-y (2.12)

is characteristic of the equation. In fact, after allowing for (2. 4) and
(2.10), (2.11) and (2. 12) become the equations for the trajectories Qf
the system, (IA-38) and (1-39). The projections of these trajectories
onto the cost surface, J, are the curves commonly called characteristic

(or integral) curves of the optimized equation, (2,2) with u. 3

PROPERTY 2. 1-4, CONTINUITY OF THE COST SURFACE: Over the entire phase

space the cost surface is continuous.

This is a fact deducible from the basic problem statement. It
follows by noting properties of integrals of solutions to differential
equations.4 Since this is discussed by Fuller, further justification will

not be presented here. This property is an assumption in the derivation

Integral curves are discussed in I, N, Sneddbn, Elements of Partial
Differential Equations, chaps, 1 and 2,

4 A, T, Fuller, "Optimization of Some Non-Linear Control Systems by

means of Bellman's Equation and Dimensional Analy31s, " International
Journal of Control, III, 362-363,
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of the Hamilton-Jacoby type equations, >

PROPERTY 2.1-5. OPTIMALITY OF ON-OFF-ON CONTROLS: The o_p}:imum cc

u is of the on-off-on type. In particular, the condition

-1 S_); >1 .
u_ = K 0 |%;T;| <1 (2.13)
L 5 <!
A - dez (%%)

is necessary,

Performing the indicated minimum operation of (2.2) at each
time instant leads to the necessary condition for the optimum control,

(2. 13). This is a three state, bang-coast-bang, or on-off-on type control.

. PROPERTY 2.1-6., CONTINUITY OF DERIVATIVES. In every region of phase

space for which the optimum control, u (x,y,T), is continuous in all of
o

its argwnents, all of the phase derivatives of the cost surface are

continuous.

- This property is made evident by referring to (1.35) with

See the references of footnote 1,

Values for u at |-§%| = 1 are ambiguous, but they have no effect

on the results,
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n(t) = 0 and applying Leibnitz's rule along wit;h the continuity properties
of the solutidﬁ to differential equa:ti;)ns. ’ “

NOTE: The three properties which immediateiy follow (Properties 2. 1';7,
2.1-8, | and 2. 1‘->9) are jﬁétified in rather intuifive terms., The justifications
are reasonable if the various derivatives invblved behave wéll enough, but

the difficulties that may arise when this is not true (as, for example, when

a derivative becomes unbounded somewhere) are not considered. Nevertheless,

if these three properties are instrumental in leading to a solution of the

- Hamilton-Jacobi equation, (2, 6), which meets the initial boundary

condition, Property 2. 1-1, then the resuklting solution is in no sense

suboptimum. This is because the Hamilton-Jacobi equation is known to

be both a necessary and sufficient condition for a solution to the basic

problem., ? If the three properties lead to a solution, then this solution
will be at least as good as any other possible solution.
PROPERTY 2.1-7. EXISTENCE AND SMOOTHNESS OF SWITCHING SURFACES:

The loci of switching points form continuous . surfaces, These surfaces

are called switching surfaces, and they are smooth in the phase variables,

X,V, é.nd T.
The idea behind justifying this property is that the switching
‘surfaces are the intersections of regions of constant control, The cost

surface within each of these regions is smooth (its derivatives are

7 For Leibnitz's rule see JM H. Olmsted, Real Variables, 416-418, -

8 ' '
For continuity properties see E. A, Coddington and N, Levinson, Theory
of Ordinary Differential Equations,chaps. 1 and 2.

See, eg., Kalman, loc, cit, "
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continuous.---‘see Properties 2. 1-.4 and 2, 1;6) thus guaranteeing the
existence and continuity of the gradients of each ‘s'urface at an intersection.
The two gradients along the intersection must have the same projectionk -
into phase sPacev (by the very nature of an intersection), and this projection
is preciisely the gradient of the sw-itching surface. Now, a projection is a

linear transformation, which preserves continuity so that the switching

surface has a continuous gradient.

PROPERTY 2.1-8, CONTINUITY OF:DERIVATIVES OF J: Over the entire pha:

space all of the first partial derivatives of the cost with respect to the

phase variables are continuous.

Consider a derivative of the cost surface in the direction of any
curve, s, in the switching surface. In particular, calling on symmetry,

consider only the intersection of the cost surfaces for regions where,

rexpectively, u, = 0 and uo = -1 are the optimum controls, Then,
dJ dJ
0 -1 .
Fraiarr (2. 14)

because of continuity, Property 2.1-4, Equation (2, 14) may also be

written

t t
VJO-a=vJ-1'c,, (2. 15)

where VJu is the gradient of the cost surface corresponding to the
optimum control u evaluated at the switching surface (perhaps as a

.. t.
limit), and a = (G,T, ax, c,y) is the tangent vector to the curve. s, If
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S = (1, Bx’ By)t is a normal to the switching surface, then it is clear

that

o' s = 0 . (2. 16)

or

a =afpP -aB. {(2.17)

aJu aJu aJu ’ 2
— s + ——— + = -1, .

Substituting (2. 1v8) and (2. 17) intb (2. 15) and rearranging terms leads
to the relation

N N 3T

0o .1 71, |
0‘x (I—Bxy Dx T T ax - Bx o'y +Bx

+a |-By aJO;aJ'L BJO A--BJ"I, .,‘B .Pf_'._.l..;.g =0
yl Y| ¥3x ¥x 3y . dy y 3y y

(2.19)
Now, after accounting for (2. 1’7), equation (2. 16) is valid for any @ and
c‘y' Thus, (2.19) can be true only if the cpefficients of c,x and ay‘ therein
are simultaneously zero. That is

M dJ 3T

0 -1 -1
(I-BXY) =% " 3% |- Bx Sy + Bx =0, (2.20)
and
oJ 3T 3T /AT
o 7 -1 0 -1
- - + - (148 ) —==+B =0, 2,21
BY Y 3% T3 Sy ( By) >y ﬁY ( )
: BJO aJ .
simultaneously, Eliminating the term | == - —— | between (2, 20)

8x X |
and (2.21) yields
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33, (- y+8 )3T | B

= - a— (2. 22)
dy (l-BxY) dy (1-Bxy)
Now, Property 2. 1-5 indicates that
BJO :
—_—<1, (2.23)
oy —
and
aJ 1
—_ > 1, (2.24)
dy —

Furthermore, it is reasonable to requiré that any trajectory intersecting
the switching surface continue in the new region in a direction away from
the old region. This is equivalent to saying that the projection on the
gradient vector for the éwitching surface tangent vector to each of the
trajectories will be required to yield identical signs. By reference to

Property 2. 1-3, the tangent vector to the trajectories is

Wt
dr dx dy
= a = - - =0, - . 2-2
S, 5 as ' as (1, -y,-u), u=0,-1 (2. 25)
, u u u
Then, the requirement is that
t t :
(7% 5NVS™S ) = (1-8,y)(1-8,y + B ) > 0. (2.26)
, 3T
Requirement (2. 26) guarantees that the coefficient of — in (2. 22)
is positive. Applying (2.23) to (2. 22) then yields
- + '
s A-By+8) 3 ] B, e2m
=T{-ey) 3y (1B ~

or

232~



(I-Bxy + By) | (l-Bxy'i-By) BJ;_'I

> s
(I-Bxy) -—‘ (I-Bxy) av

or

Considering (2. 24), then, .

RN
-1 =1
[
at the switching surface.
. aJ
Solving (2.22) for ——— yields
a ; (1-B y) 3Ty 'BY o

= +
3y ‘”(l-Bxy+By) dy (I—Bxy‘rﬂy)

0J

Inequality (2. 26) ihdicates that the coefficient of "0

oy
positive. Applying (2.24) to (2. 31) yields

(l-Bxy) 37, BY

1< + 3
- (I-BXY+By) dy (l-Bxy+By) o

or
(1-8_y) . (1-Bxy) U
(-8 y# ) = (-6 y%B ) oy
or
aJ
0
1 < v
— ay
Considering (2.23), then,
BJO .,
oy -
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at the switching sﬁrface.
It is now clear that -g%— is continuous across the switching surface
as long as one of the trajectories does not lie in the switching surface.(
The effect in thé latter case is to make, for example, the coefficient
(l-BXy) in {(2.20) to be zero. Then (2, 30) is a clear result from (2.20)
anyway, and the knowledge that the u= 0 trajectofy ig on the switching
surface more than compensates for the unavailability of condition (2. 35).
Once it is known that -:—:jr is cont‘inuous across a switching surface,
the same result for %;T-; follows directly from (2.20) or (2. 2’1). Furthermore,

the continuity of %‘% is then directly deducible’from (2. 14) or (2. 15).

PROPERTY 2, -10, A-NECESSARY CONDITION AT A SWITCHING SURFACE: At

a switching surface separating regions where u = 0 and u_=u are the
=% Bt

optimum controls

g—%=-u, ue{-l,l}. (2. 36)
There are no switches between u = -1 ii_l_q u = +]1 or vice wversa,

Condition (2, 36) follows directly from (2. 30) and (2. 35) for
u =-1 and by symmetry, Property 2,1-2, for u = +1.
To justify the last part of the property consider the equivalent

of {2.22) for a u = 1to u = -1 switch. (This is easily derived.)

BJ-'].:(l-BxY-ﬁ;’) aJ1+ ‘zsy
3y (l-va‘rBy) dy (1-ﬁxY+By)

(2.37)
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Then, the equivalent to (2.27) is

(1-8,y-8) 3J, 28

1= T 7787 3y + ““Bx”*ay) , (2. 38)
and the equivalent to (2.29) becomes
L< ‘a;—l : (2. 39)
<3y

By Property 2. 1-5 this is clearly impossible. An equivalent result holds
dJ ' )
-1

3y
PROPERTY:2.1l21=, .AltJ‘OTHER BOUNDARY CONDITION: The minimum cost at the

for

origin of state space is zero regardless of time to go.

Consider the control uo-=- 0. Then, (1-35) toyg'ether with (1-38)
and (1-39) imply J = 0 when n(t) = 0. This is clearly minimum, since

J > 0 everywhere.

2.2 Stochastic Case

This section will repeat the developments of Section 2,1 under
the assumption that (2. 1) does not hold. That is, the full stochastic
problem will be considered. Whenever possible, results will be stated

based on the development of the previous section.

2.2.1 Derivation of a Hamilton-Jacobi Type Equation

2.2,.1,1 Background

There currently exists a considerable garner of methodology
applicable to systems go‘ve'rne’d by stochastic differential 'equatio_ns. This

store stems from the basic work of Einstein and Wiener on Brownian motion
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and more or less reaches maturity in the Chapman-Kolmogorov and
Fokker-Planck relations. It is from these .efforts also that the concepts
and properties of white ’gaussian noise have derived. In this respect «
it should be pointed out that the disturbance proceSS nft) of Problems. 1-3
and 1-4 is defined precisely as the formal derivative of the Wiener
process, |

Problems 1-3 and 1-4 may be reformulated such that‘the performance
criterion becomes that of minimizing the sum of the expected values of
the state variables of an augmented system. H This is a common
technique employed in relation to the Pontryagin Maximum Principle. Then,
in the reformulated form either the Fokker-Planck or the Chapman-
Kolmogorov equations for the augmented system may be used to derive
a partial differential equation whose solution also yields a solution to
the basic problem. This equation closely resembles the partial dif-
ferential equation of the Hamilton-Jacobi type derived previously for the
deterministic préblems. For this reason it will be called a Hamilton-
Jacobi "'type'' partial differential equation,

The derivation of the Hamilton-Jacobi type equations from the

Chapman-Kolmogorov equation is described in a paper by .

10
J. L, Doob, Stochastic Processes, 96-98,

11 A good explanation of this reformulation appears in L.1, Rozonoer,
"L.S., Pontryagin Maximum Principle in the Theory of Optimum
Systems, ' Part I, Automation and Remote Control, XX, 1282-1302,
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.12 ,
Florentin. Derivation from the Fokker-Planck equation for cases where
. : e 13 .
the control input, u(t), is specified is well known, For cases where
the cost is a functional on u(t), the derivation from the Fokker-Planck
equation appears straightforward, but no derivation has been found in
the literature. The derivation which follows is based on Florentin's
work, leaving a derivation from the Fokker-Planck equation to some

future report.

2.2.1.2 The problems reformilatdd

Following Rozonoé/r let the vector

x (2. 40)
zZ Y |
where v
J = min En[vao,yo] (2. 41)
ueU
or tf
2 ,
v=][ [lu] + x4, (2. 42)
t0

| 14
all from Problem 1-3. = Then the performance criterion (1-35) may be
restated as

J = min E [bt z‘z 1, (2.43)
n 0 )
ueU

12 J.J. Florentin, '"Optimal Control of Continuous Time, Markov,

Stochastic Systems, " Journal of Electronics and Control, X, 473-488,

13 A good summary appears in T, K. Caughey, ''Derivation and Ap-
plication....,'" Journal of the Acoustical Society of America, XXXV,
1683-1692,

1% This follows Rozonoér, loc. cit,

-37-



where

0
b=|0 (2. 44)
1/,
x, |
ZO: yO , (2. 45)
0

and the t denotes the transpose vector. For Problem 1-4,(2. 40)

becomes
% = ( 3;) , | (2. 46)
(2.42) becomes
: ’ t
2
V=Itf [ul + y 14, o (2. 47)
0 .
(2. 44) becomes
0
b= K (2. 48)
and (2. 45) becomes
Yo
zg =\ o /- (2. 49)

2.2.1,3 The Derivation

Consider the following form of the Chapman-Kolmogorov
A
equation used by Florentin for the intermediate phase (z +0zg tythty) =

(z(tO-I-AtO), t + Ato) near (zo,to) :

0

p(z,tf]zo,to) =[ plz, t|z +bz , t +At ) (2. 50)

z0+Az0

p(zO+Azo,t0+At0]zo,to)d(z0+AzO)

T Jpa P |2g¥ 820 to*atgIpl bz, atg| 2. todd bz
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< . » . g
where to < tO + Aty teo plz, tf!zo, to)dz is the probability that the

system state is in the neighborhood dz of state z at the t:f given that it

was in state zZ at to, and p(AzO, Ato‘ Z to) is the probability density

function of changes in the system position up to and including AzO when

the state is z, at to. 15 From (2.43), clearly J depends on 24 and to.

Then, for either Problem 1-3 or 1-4,

. e -
J(zo,to) = min j‘ b'. zp(z, t ‘zo,to)dz. | (2.51)
a € U -0

Applying the Chapman-Kolmogorov equation and changing the o;'der of
integration yields
P

= i !
J(zo, to) min IAz jl_w b'zp(z, tf)zO+Az
ue U 0 .

.t +Ato)dz-

00
(2.52)

IﬁAzo,AtO!zof)dAzo

Careful inspection of (2.52) reveals that the inner integral must be a
minimum over u ¢ U in order for the whole expression on the right to be
minimum. Then, compariné (2.51) with the rinimum of the inner
integral of (2. 52) leads to the relation

J(ZO’tO) = min J.AZOJ(ZO-!-A‘ZO, t0+Ato)p(Azo, Azol~z_0, to)dAzO'.

eU
(2. 53)

15 . .
Florentin, loc. cit, -
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Now, because probability densities integrate to one, the following

is an identity:

Tzt + Bt ) = IA."@ Iz gty + Bt )p(Baz, bty |z0,t0)dAzO. (2. 54)

0 0

Further, from (2.40), (2.41), (2.42), and (2.43) it is clear that

t +At
Iz, »ty) = min E {ft Hul+x ]dt+I
uelU 0

Ty

¢ vae Ll + " Jat)

t +At0 2
-:1:1{1; {E [J;O {|u|+x }dtlzo]-l- En[J(z0+AzO,t0+At—'o)Izo]}_

(2. 55)

Then, subtracting the constant (2.54) from (2.55), considering Ato small

and u(t) constant over At, almost everywhere (at least in the limit as

0

Ato" 0), and expanding the factor J in (2. 54) and (2. 55) appropriately in a

Taylor's series leads to

Iz t,)-T(z, t0+At ) = min {[Iu(t ) | +x lat,

ueyU
2
+ (Vv J) m, -lgmsAz — (zo,to)
0 0 9z
9 t 16
+ Ato( at.v J) mAzO + o(At)}. - (2.56)
The following notation is used in this expression:
mAzo =E [0z ]z5t,] | (2. 57)
and
2 2
M8, z(zo’to) g 2 (zg2 t)
%0 3z pE{X.Y.v}qG{X.Y.v} ped '
-E _[op, Aqol Zgs £y - | (2.58)

o(At ) denotes terms with the property lim o(At )/At =0,

At
tOO
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Let

2 t
(cAzo +mAzo) =E [bz.(8z) !zo,toj. (2.59)

This is the mean square matrix of Azo.

It is now necessary to evaluate the various expectation terms of

(2.56). For this purpose it should be noted that (2.57) is merely the vector

mean of 4z _, m . Similarly, the expectation terms in (2.58)are the

]
A
0 ZO

components of the mean square matrix of Az It is a lengthy computation,

0'

but easily verified using the standard techniques of random noise theory that

3 —)I
A
yolty + & Lt ulty

mAzo: ‘Atou(to) ' (2.60)
2
[lu(to)l +x0 10t
- .

and

— 1 17

o At of At ) Vo( Ato)
(02 4 m? ) =l o(At.) ToT At +o(At) o(At,) (2.61)

Azo Azo 0 ZTI'MZ 0 0 '
o(AtO) o( 4t ) o(At,)

Now substituting (2.60) and (2.61) back into (2. 56) and dividing

by _/.\to. leads to

1 , 2. AT
7 Lilz, to)-J(z, t+ Bt o) 1= min {Iu(to)l+xo+y.0 o (200 to)
0 uelU
N.T .2. - :
+ u(to) %l(zo, to) + % 0 > 9 g (zo,to) + o(f-\to)} . (2.62)
: Y 2nM° 3y

1 ' '
7See, e.g. W. B, Davenport, Jr. and W, L. Root, Random Signals and Noise,
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In the limit as Ato -+ 0 after applying the definition of the partial derivative

this becomes

-2 (2 ty) = min [y, 2 (2 )+ ae) 2z t)
u(t )e[—l 1] (2. 63)
2 .
+d 5——‘; (z4t0)+ ulty)] +x§} ,
Ay
where
NOT
d = 5 (2. 64)
4rmM

as previously assumed in (1, 36). On the right hand side the limit
operation and minimization operation are commutative because the
minimum is understood to be performed for each instant of time
independently.

It is convenient to treat (2, 63) in terms of the time to/ go rather
than time from t_,. This is possible because ‘the system is autonomous.

0
Thus, let

T = tf-t (2' 65)

and
q-o=t -t (2. 66)

Then {2, 63) becomes

2—i(z0,70)‘m1n {y -B—(z T )+u(t ) = a (Z,0, )

u(tO)E[-l 1]

2

3 J
d-—z-(z

3y

0

(2. 67)
0 Tot 1u(t0)|~+xg}.
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For the one dimensional case an equation equivalent to (2.67)

may be similarly derived, and the result is

2
al a1 2 21
- (209 'To) = mlr;[{u 3 (zoi to) +d ayz (ZO’ to)
¢ yel-1,1 :
uto) (2. 68)

+ lugeg) 4yl

2,2.1.4 Observations

It is worthwhile to observe a few facts about (2. 67) and (2. 68).
First, the similarity to the deterministic Hamilton-Jacobi equation should‘
be noted. In fact, (2.67) and (2. 68) formally reduce to (2.2) and (2. 3) as
the disturbance term, d, and in turn the noise spectral density, N0 [See
(2. 64)]are reduced to zero.

It is also worthwhile to note that (2. 67) and (2. 68) are equations

in the initial phase (state and time). Thus, the derived control, a, and

resulting cost, J(z ), represent the control to be used and the cost

0’7o

expected to be incurred starting from x_, and Yo at time ¢ However,

0 0
the initial time may be considered variable, and then the results derived

for 7 may be applied for any state, (;), and time to go, 1. For this

0
reason the zero subscript will be dropped in the sequel.

Finally, it should be observed that (2. 67) and (2. 68) constitute
both necessary and sufficient conditions for solution of the basic problems.

Certain continuity properties and boundary conditions are applicéble as

discussed in the next section, but no basic assumptions are required,
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such as, for example, the assumption of the existence of an optimum

control. ; - G

2.2, 2 Properties of the Cost Surfaces and Switching Curves

Properties similar to those of Section 2. 1.2 may be stated for
the stochastic attitude control and antenna steering problems. As before,
the properties will be stated for Problem 1-3, and the corresponding
properties for Problem ’1-4 may be deduced.

The justification for most of the properties in the stochastig case
follows that for the deterministic case almost airectly once one basic
fact is understood. This fact is that almost all saméle functions
(trajectories, 1oo-se1y speaking) of the disturbed system are continuous. 18
Thus, the stochastic system has essentially vthe same properties almost
surely as the deterministic system. The cost equation, (2,51), in the
stochastic case involves a double integral, of course, but the expectation
operator is always independent of the variables of differentiation that are
of interest, The properties stated below, then, will be justified only

where some additional essential factor need be noted.

Property 2.2-1. Initial Condition: For all values of the state variables,

the initial cost is zero.

18

J. L. Doob, op. cit., chap. VI, sec..3.

.
s
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Property 2.2-2. Symmetry: The symmetry property of Property 2.1-2

is applicable in the stochastic as well as the deterministic case.

Property 2.2-3, Existence of Characteristic Curves and Trajectoriess

There is a family of curves in phase space intrinsically defined by the

Hamilton-Jacobj type equation. These curves are the trajectories of

the system in the limit as the random disturbance is reduced to zero.

These curves will be called congeneric trajectories. The projections of

the congeneric trajectories onto the expected cost surface will be called

congeneric characteristic curves.

The congeneric trajectories coincide with the trajectories of the
corresponding deterministic problem. See Property 2,1-3, These cul;ves
are not related to the so called characteristic curves of the theory of
partial differential equations,

Property 2.2-4. Continuity of the Cost Surface: Over the entire phase

space the cost surface is continuous.

Property 2.2-5. Optimality of On-off-on Gontrols: The optimul control

is of the on-off-on type, and (2. 13) holds.
Note here that the presence of the second derivative term in (2. 67)

does not affect the result in making the right hand side a minimum.

Property 2,2-6, Continuity of Derivatives: In every re&o.n of phase sPacé

for which the optimum control, uo(x, ¥, T), is continuous, all of the phase

19 Sneddon, op. cit., chap, 3,‘ sec. 6.
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derivatives of the optimum cost surface are continuous.

E_éig: Analogs to Properties 2, 2-’7 through 2,2-9 will be stated at
this point. These properties are proposed on thé basis that one expects
the stochastic optimum cost surface to be smoother than the corresponding
deterministic surface, because, intuitively Speaking, any sharp bends at
switching points are rounded off by the uncertainty of the disturbed
trajectories. Mathematical techniques for treating-tﬁe stochastic case
are not as simple as those for deterministic problems, if they are even
available, and the arguments used before have little advantage.
Consequéntly, Properties 2. 2-7 through 2, 2-9 will be assumed in the
sequel without further justification,

Property 2.2-7. Existence and Smoothness of Switching Surfaces: The

loci of switching points are assumed to form continuous surfaces. These

surfaces are called the switching surfaces, and they are assumed smooth

in the phase variables.

Property 2,2-8. Continuity of Derivatives of J: Over the entire phase

space all of the first partial derivatives of the optimum cost surface with

respect to the phase variables are assumed continuous.

Property 2.2-9. A necessary condition at a switching surface: Ata

switching surface between regions where u =0 and u. =uare the
o

optimum controls

aJ :
Lo =-u uef{~1,11}. (2.69)
dy ’ ! }

There are no switches between uo = -1 and u0 = +1 or vice versa,
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Note: It is clear that Property 2, 1-10 is not valid in the stochastic case.

The closest available condition is one resulting from symmetry: namely,
that 2L (0,0,7) =2 (0,0,7) = 0, or in one dimension 2 (0,7) = 0. This
Y 2 Yy
supplementary condition is clearly also true in the deterministic cases,
Note: Properties 2.2-6 and 2, 2-8 together imply the continuity of the
2

J
term -a--z— in the Hamilton-Jacobi type equation,
oy

-47-



Chapter 3

SOLUTIONS TO THE DETERMINISTIC HAMILTON-JACOBI EQUATIONS

This chapter presents solutions to the deterministic Hamilton-
Jacobi problems as reformulated in Section 2.1 from the basic problems
of Chapter 1. The results here are apparently the first to be deri;/ed
directly from the Hamilton-Jacobi formulation and the first to describe
the cost function over the entire phase space. Problem 1-4 will be

treated first due to its simplicity.

3.1. Previously known results

Analytical methods for solving various facets of the deterministic

problems have received considerable attention in the International Journal

of Control (and its predecessor the Journal of Electronics and Control)

for the past several years. This attention stems from the early work of
Fuller on relay control of single and double integrator systems. ! This
work treats performance criteria of the form
J_ = min ijlndt n>0 (3. 1)
a - , =
ueg U

subject to a saturation constraint,

u)] < L (3.2)
late)] <

1A. T. Fuller, "Relay Control Systems Optimized for Various Performance
Criteria, " Proceedings First International Congress IFAC, 1960, ol. I,
510-519,
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The case n = 2 is of particular interest here because it corresponds to
a limiting case of (1.6): the case when ) 4+ w. For n = 2 Fuller showed
that the optimum control is bang-bang; that the optimum cost for initial

states with the property Yo = 0 is given by

_ 23 5/2
JZ =35 a!xol s : (3. 3)

where a

ik 3

. 9965; and that the switching curve is given by

x+ byly| =0, : (3. 4)
where b 2 0, 4446, These results hold as long as

2{‘XO](1+k)}%
t.>
f 1- Kk

~ %
= 1,36 te s (3.5)

x® .
. 05862 and tf is the well known minimum settling time.

[T

where k
By 1963 this same limiting case had been approached in two

distinct ways using the Bellman-Hamilton-Jacobi equation. Fuller

showed that the results previously derived satisfied this equation. 3 For

initial states not on the x axis the minimum cost surface i8 shown to be

For a minimum settling time discussion see M., Athans and P. L.
Falb, Optimal Control,

3 A.T. Fuller, "Further Study of an Optimum Non-linear Control

System, "' Journal of Electronics and Control, XVII, 283-300,
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( xzy +-§-xv . '1'2'5""’5 v a( +32=y2)5/2
e ﬂ x>byly|
k Py’ P aea iyt Gle)
x<by ]yl )

where a and b are as before and a is known more precisely to be
1 1
a =o=(222 +2 /33)% (3.7)

About the same time Wonham derived the same results directly from the
partial differential equation using invariant scaling methods. 4 He thus,
in effect, reduced the number of independent variables of the problem.
Fuller subsequently rederived the results directly from the Hamilton-
Jacobi equation using the pi-theorem of the theory of dimensions, and
showed that Wonham's method was essentially the same. 5 It should be
noted that all of these later results are constrained by (3.5). The.
optimum solution is not presented for phases in time constrained
situations where the origin of state space is reached either in the

o~

% %
interval 1, 36¢t. R i:f > t:f or is not reached at all.

4W. M. Wonham, '""Note on a Problem in Optimal Non-linear Control, "

Journal of Electronics and Control, XV, 59-62,

SA, T. Fuller, "Optimization of some Non-Linear Control S‘ystems by

means of Bellman's Equation and Dimensional Analysis, ' International

Journal of Control, III, 359-394..
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There appear to be no published results of similar treatments of
minimum fuel to target set problems. These problems constitute ap-
proximately the alternative limiting case of (1-6): those for which ) »+ 0.
The true limiting case, of course, is trivial, for without a target set
constraint no fuel need be expended,

The above discussion relates to the double integral plant. The
single integral plant is of little interest in the steady state case (tf large
enough), because, as Fuller shows, the optimum feedback control merely
assumes its maximum magnitude and a sign opposite to that of the
position error. 6 Again, the time constrained regions of phase space are

not considered.

3.2, The one-dimensional deterministic equation

The Hamiltén-Jacobi type partial diﬁ:erential equation for the
antenna steering problem, (2-7), is a linear, first order partial dif-
ferentjal equation. ! Such equations are rather easily solved by the
method of characteristic (integ;al) curves'.7 It is only the presence of
the necessary condition, Property 2,1-9, that causes the solution in

this case to be non-trivial,

3.2.1 The Solution

Comparing the initial condition (Property 2, 1-1) with the control

Fuller, '"Relay Control Systems..., " loc. cit.

See, e. g , I, N, Sneddon, Elements of Partial Differential Equationé,
44-85 g : '
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property (Property 2. 1-5) shows that the initial control (r = 0) is always
zero., This is because J(x,y,0) = 0 implies —:% (x,y,0) = 0. Furthermore,
from Property 2. 1-8 it .is clear that %% is finite‘near T=0 for. finite y.
Thus -2% near 7 =0 cannot differ much from its value at 7 = 0, and the
control u = 0 must be optimum in some neighbor'hood\of T =0,

For the region where uo' = 0 is optimum (hereinafter called RO)’

(2.7) becomes _'

J 2 ‘
3 = y°, (3.8)
37 , ‘
so,
J=vy t+4c. (3.9)
Since J = 0 whenr =0, ¢ =0, Now,
37
2 2 T . (3. 10)
3y &
Then
lyrl=% (3.11)

when Property 2. 1-9 is satisfied.
Because of symmetry, it is only necessary to consider the regiony >0

in the sequel. For y >0 {(3.11) becomes

yr=%, (3.12)

and this is necessarily a switching curve. R0 is bounded by this curve.
It is of interest to note that along the curve y = 0 (3. 9) gives J = 0.

This is seen to agree with Property 2.1-9. Alongy =0, %‘}{- is also zero.
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This will be of interest in the stochastic cases.
Along (3., 12), (3.10) becomes

aJ

— 1 ‘ 3. 13

5 ( )
The switch at this curve must be to 2 ’region where u = -1, For such a
region (2-7) is

o | Ad 2

— 4 == + 1, 3.14

3T Ay Y ' ( )

The characteristic curves for (3. 14) are described by

T=y+e, (3. 15)
and
J=y+%y3+c2. (3.16)
Now, along yr =%,
J = Yz'r
Siy; (3.17)
this is the boundary condition for R_1 (the region where u = -1 i‘s the

optimum control). Solving (3.12) and (3. 15) simultaneously by eliminating

Y=%(-Cl:l:\/ci+2 ). ‘ - (3.18)

To pick the proper sign in (3. 18), note that the line y = 1 intersects

T yields

(3.12) in such a way that ¢, = 0, Then, since in R 1 Yi 0, the plus sign

must be used. Substituting this result simultaneously into (3. 16) and
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(3.17) leads to

. 3
+3c)-% 024-2 . (3.19)

By resubstitufing (3.15) qnd (3. 16) back this means‘tha_t_ in R-l
T=t Gty +hletyye- 2 i-p? a2t 20
It is easy to verify that
2= d [lry) 411 - 1T 3ty 42180y), (3.21)
%j;(y, -2-‘};) - 1. (3. 22)
and
%g, (y, _21;_) - YZ. (3.23)

This verifies the continuity of the derivatives across the switching curve.
Conversely, it can be verified that when —:—% =1, = —2—1}: is the only
solution to (3.21). Continuity of the cost surface at yr = % is also easily
verified,

Although it may be mathematically verified that there exist no
boundaries for a u = +1 region for y > 0, this same result should be
intuitively evident from the physical problem. This fact will be assumed
with no further justification.

The solution for the entire phase space is now available.
Recalling the symmetry condition (Property 2, 1-2), the feedback control

satisfies
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+1fory<-—2-%r-
2 1
= - — J——
Up = (O for-orSy<yy
1
-1fory>-2-;
\
= dez 2yT . (3.24)

The minimum cost surface (as a function of initial condition) is

/ v
1 3 , 2 1 2 2
£ =) 4 Blray) + 7ty - ey + 29
J = for y < L
= { A
2
y T for - <Y<-1" (3.25)
2T — 2—-2

-
—(T+y) + g(T+y)-Ty - [(T y) + 2]3 for y>5T.

The switching surfaces (here curves) are plotted in Figure 3-1, The

cost surface as seen from behind the T = 0 plane is sketched in Figure 3-2.

3.2.2 Remarks

The following remarks are worthy of note:

a, The boundary condition, Property 2,1-10, was not used
to solve the problem; it was verified as an additional’prOPerty of the
solution satisfying the initial condition, Property 2.1-1. This is
fortuitous, because it is evident that no simple correspor;ding boundary
condition is available for the stochastic case (see note following Property
2,2-7).

b. The solution of this section agrees with the known solution
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to the limiting case of Problem 1-4 for which no cost emphasis is placed

on fuel. This limiting case corresponds to letting X grow indefinitely.

The corresponding cost must,' of course, be divided by A in order to

compensate for the artifice of an infinite weight on integral error squared.

Consider the switching curve, (3.12), first.

The results of

Section 3.1 correspond to Problem 1-4 when in the latter n(t) =0, A= =,

and t »®, To denormalize the results of the previous section, apply the

one dimensional equivalents of (1-20), (1-31), (1-32), and (1-33) to (3.12)

with M = 1= 1. These equivalents are, respectively,

and

| 2 1
T = min P{—‘?—) =min~P(—'—"-) = min P) 2.

uelU ueU IZM uelU

- This gives as the denormalized switching curve

1

gt = 3
Taking the limit as A+ « yields
6t =0

The limit t 4 « then leads to a switching curve described by
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p=0.

This is the obvious result referred to in Section 3. 1.

(’\3. 32)

The cost surface from Section 3. 1 may be easily calculated for tf large enoughﬁ

t
cost = min [' f 7’0(9 )ez(t)dt
ueU 0

:
=min [° o) &
ueU 90 5

_L1g3 )’
370"

(3.33)

The corresponding denormalization.of (3. 25) to check against (3. 33) follows

the denormalization process used for (3. 32), viz,:

3=z )’ s d ey -y - 2?4273/,

so that

8 The characteristic function,)[ 0(y),is defined as

’X/ 0 y=0
(y) =
0 11 y #0.
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P -5
lim —opt. _ lim =——J)L

AP A=
= lim x'3/2i i;%6+)\%9) +%(X%t+1%9)-l3/z Stz-%
A 4@
1 1
[(.ﬁt-ﬁe)z +2]3/2}
='lim,{6(t+e) #om(640) - 0t -2 [(£-0) 42 3/2}
A |
- % (t+0)> - o¢> -% [(t-0)213/2
3 |
1/3 © for t - 8> 0
1/3 t3-t29+t92 for t - 6 < 0. (3. 35)

c. The case where fuel receives the entire emphasis may also
be verified. This is the case where A #* 0, Although it may be mathemat-
ically confirmed, the following physical argument leads to the optimum
solution: if no emphasis is placed on position, the best usé of fuel is to
do nothing at all (switching curve at infinity), and the optimum cost for
no expended fuel is zero.

Now, consider the solution of the previous section. The
switching curve may, again, be determined by denormalizing and

taking I =M =1, lim , and lim . This leads first to (3.26). Then,
A=0 t

lim Bt = (3.36)
A0

for all t,but if tisfinite then 8 must be inﬁnite. Thus, regardless of t
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the switching curve is

9=°°‘ . . (3.37)

By similar substitutions

2
J=y T

=312 g2, (3. 38)

- -and

limJ =0, ' (3.39)
A0 . :

the expected result,

3.3 The two dimensional deterministic equation

The Hamilton-Jacobi type equation for the attitude control
problem, (2.2), has properties very much like the one dimensional
equation. The method of characteristic curves is again applicable.

Strong parallels will be drawn to the one dimensional case.

3.3.1 The Solution
Properties 2, 1-1 and 2. 1-5 [equation (2. 13) ] indicate that the
initial control is always zero as before. The derivative 'éa% near'T= 0 cannot

differ much from zero or else Property 2. 1-10 would be violated. Therefore,

u = 0 is the optimum control for some neighborhood of the plane T= 0.

For the u, region (2. 2) becomes
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Y=C1’
x x
R = - -4
T c1+c2 7 Cys
and
U U U TR U S
IR €37 73 7y T O3
Since J = 0 when T = 0, (3,42) and (3. 43) become
X
0=— +c
c1 2
and

'0=-—1—-—ix + ¢
<y 3

These imply

Resubstituting (3. 41), (3.42), and (3. 43) yields

1 32 2 2
J=—3-Ty+frxy+'l'x.

This is the cost in the u = 0 region,
o

Now

2 3 2
=§-T y+ 7T %,

ozlo/
< |<

and l-g%l =1 when
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(3.41)

(3.42)

(3.43)

(3. 44)

(3.45)

(3. 46)

(3.47)

(3.48)



x=-§-y"':\:——. (3. 49)

This is necessarily a switching surface.

The plus (minus) sign corresponds to a switch to a u0= 1 (+1) control. Symmetry,
Property 2, 1-7, again allows consideration only of a switch to u = -1;
the switch to u = +1 follows by symmetry.
It is interesting to note that the curve x =y = 0 is within the
uo = 0 region, and that (3. 47) gives the value J = 0, This is seen to

agree with Property 2. 1-10,

For a region of uo = -1 control, (2.2) is

9 98 dJ 2
S—;+$-S;y—1+x. (3.50)

The corresponding characteristic- curves are described by

T=y+c1, (3.51)
2
x=-%y +c, (3.52)
and
1 5 1 3 2
J—-E-é-y -3¢,V +(cz+1)y+§3 (3.53)

2 3 2
+3-xy + (x +1l)y + Cye

The boundary condition for these curves is the value of cost

on the switching surface. Equating (3. 52) and (3. 49), and (3.53) and

(3.47), and substituting(3, 51) leads to
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i 1
-%Y2+c -="‘2‘Y(Y+C ) + ——— (3. 54)
2 3 1 2
(yte, )
and
1 5 1 3 2 1 .3 2 2 2
— N e e - = — +c :
55Y =3 Y +‘(c2+1)y+c3 3 (y cl) y +(y+c1) xy+(y+cl)x . (3.55)

Equation (3. 5’4)'rﬁay'be rearranged to give

4 R
v +Ay3+By2+Cyb+D=O, (3.56)
where
A=6 €y (3.57)
B=9 2 + 6 : (3.58)
- Cl CZ, .
3
C = 4c1 + 12 ¢y | (3.59)
and
D = 6(cZc. -1) | (3. 60)
- CICZ" . .

To solve (3.49) for y, first apply Ferrari's method, giving the following

resolvent cubic equation:

z3+Ezz+Fz+G=O, (3.61)

where
2
E=-B= --(‘)c1 + 602), (3.62)
4 2

F=AC-4D=24C1+48C1 c2+24, (3.63)

and
2 2
G=4BD-AD-C (3. 64)

il

6 4
-1601 - ‘)()c1 02-144c2,
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and where z is a2 number to be specified later,

Now, following Tartaglia's method for (3. 61), let
1 2

p=F --'3-E (3.65)
4 2 2
= -3c1 + 12 clcz— 12c2 + 24,
1 2 3
q:G-*gEF"'ﬁE ) (3.66)
6 4 2 2 3 2 ,
= ch - 12c1 c, +24c1cz - 16c2+72c1 - 96c2,
and
1 3 1 2
R=z7 P *74
8 6 4 2 2 3 4
= 96c1 - 720c1c2+2016 € ¢y " 24?6c1c2+ 1152 <, (3.67)
+1104c4—2688c2c +1536cz+ 512.10
1 172 2
Then, the roots of (3.61) are
2. =w, -2 _Z i=1,2,3 . (3.68)
i i 3Wi 3’ '
where the AA are the three roots of
3 .
w =-32q+/R, (3. 69)
or of
w3=—%_-q-/'ﬁ‘. (3.70)
9

* See, e.g., W,L, Hart, Brief College Algebra, 174-175

10-5ee, e.g., Ibid, 173-174.
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It should be clear that (3, 69) and (3. 70) have at most one real root,

Gall the root for (3. 69) w and that for (3.70) w . Then, by substitution
-of the indicated quantities back into (3. 68) the following relationship can
be derived

*

2
z=w+w -3c1-2c2. (3.71)

Solution of (3. 69) for w in terms of < and <, involves a lengthy
algebraic excercize. It also requires careful analysis like than done for
(3.18) in order to select algebraic signs at certain points it;l. the reduction,
These manipulations have not been completed, and will have to be left
for a future report, |
3.3.2 Remarks

The following points may be noted in the results of the previous
section,

a, As for the one dimensional casbe, Property 2. 1-10 is not
required to solve the Hamilton-Jacobi equétion. It is satisfied by the
solution that satisfies the initial condition.

b. The solution of this sectiovn entails solving a quartic equation,
If an equivalent three dimensional problem (i.e., a 4three integrator
system with an integral error squared cost term) were«to be considered
it would lead to a sixth order equation. The well known theorem of

Abel indicates that there is no hope of achieving an analytical solution

to the Hamilton-Jacobi equation using the method of this chapter. 1

Ngee, e.g., G. Birkhoff and S. MacLane, A Survey of Modern Algebra,

Revised edition (1953), 452-455,

~64-



Furthermore, increasing the order of the position error term in the cost
expression also increases the order of the algebfaic equation that must be
solved. For example, substitution of x4 for xz in (1.35) leads to a problem
of soiving aﬁ eigth order equation. This is clearly intractable.

Thus, the methods of this chapter are applicable to only a small
class of pfoblems, and even for these problems the algebra involved in
solution tends to become very complex.

c. The solution of this section Vshould agree with the known solution
to the iimitin'g case of Problem 1-3 for which 1I:1'o cost emphésis is placed
~on fuel (A* »), This cannot be displayed until the algebra associated with
equations (3. 69) and (3. 71) is completed. |

d. The solution of this section also should agree with 1;he fuel
only (A= 0) case of Problem 1-3. Verification here also depen,ds on the

uncompleted algebra.
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Chapter 4

ANALYTICAL SOLUTIONS OF THE STOCHASTIC HAMILTON-JACOBI
TYPE PROBLEMS

4.1 One-Dimensional 'Problem

®

In Chapter 2, the problem of the optimal control of a disturbed integrator

was reduced to the study of equation (2.68):

‘3

2 . 4
2l . minl—d—a——J—+u-§£—+|u|+x2], (4. 1)

or, after applying Property 2.2-8,0f

. 2 ) .
( dJ _ 3 J 2 dJ -
ST d axz +x  , when ]-—-——ax ' <1 {u = 0) (4. 2)
2
< T | g __B_J[+1+X2, when 2 51 (u=-1) (4. 3)
AT 2 Ax A%
ax
37 %I . 37 2 37 |
\ = =d — + — +1+x, when — <1 (u=+1) (4. 4)
QT aXZ Ax dxX
with the initial condition, J(x,0) = 0. (4. 5)

The investigation of the properties of the switching curves revealed

that on the switching curve separating regions ofu=0andu = +1, (u=-1),
2

2 . 1, (-ﬂ= +1) and is continuous everywhere.

X X 3 x&

The study of this equation can be simplified if certain additional
assumptions are made. First, it is clear that if Jl(x, T ) is a solution of the
problem as stated, i.e., satisfies (4. 1) and the initial condition, (4.5) etc, then
Jz(x, T) = Jl(-x, T ) does also, It follows that if a solution exists, then a
symmetric solution also exists. On an intuitive basis, it is clear that the
optimal cost is symmetric, so it will in the future be restricted to such a

form. Specifically, it will be assumed that J(x, T ) satisfies the symmetry
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Jx, 1) 2I(-x, 1) |  (4.6)
Note that if it could be established that the solution is unique, it would
follow that the solution is symmetric in x.
By examining the equation for the cost in the form
- . ,
I, 1) = Bl [(lu] +x (s)]d;},
: 0 :

it would appear.as though J would increase in magnitude whenever x did, that is

sgn(x) A% > 0. (4. 7)

This will be a further requireme'nf on the solution. (This may be a redundant

requirement}).

S-SR ~wvhe : s ; . : g .
5% 18 everywhere continuous. Since the solutions under consideration are

symmetrlc, dJ (0 'T) = - 'ﬁl (0 T)
3 O ox 7
so that
37 =
dx (0,7)=0 | o

These assumptions lead to a study of the restricted problem

2
AL . g2d 2L L2 i, 2y, x>0, o,
(4.9)
with initial condition
J(x,0) =0, (4. 10)
and boundary condition
. 3T -0 ~
%jino+ % (x,7)=0.  (4.11)



4.1,1 Steady-State Solutions

A simple solution based on an assumed control law. If the system

is to operate for a long time (7, time to go, is large), a reasonable control
~ law should not depend upon the time to go. This idea can be used to obtain
a steady-state control law quite easily.

It is apparent that in this case'the switching curve is in fact just a

‘pair of symmetric points, i.e., the optimal control law will be of the form

u=+1 ifx <-a
u=0 if r-a<x<a i } (4. 12)
u-=-1 ifx>a

with a a positive constant.The problem of optimal control in the steady-state
is then simply reduced to the determination of a single parameter, a.

To solve the problem in this form, reconsider the basic formulation
of the problem. The system is described by the stochastic differential
equation

% =+ (t) . | | (4. 13)
where w(t) is a Wiener process with EL w(t)w(s)]= dlt —sl . The steady-state
probability density th‘en satisfies the steady-state Fokker-Planck equation

, :

d p, d(wp))

o2 U = 0. : ' (4. 14)

d

Noting the form for u( and its symmetry) leads to

d = 0, 0<x<a, (4. 15)
dx2

1
H.J. Payne, The Response of Nonlinear Systems to Stochastic Excitation,

(unpublished Ph. D. Dissertation, California Institute of Technology, 1967).
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ddps dps—o a<x, | (4. 16)
- - 2 x, .
de dx

and

ps(X) = p, (-x) (4. 17)
s
These equation are to be solved under the conditions
P, continuous, (4. 18)
dps'
d-—d;--—ups continuous (continuity of probability flux),

(4.19)

and

® 2

J pg(x)dx = L. (4. 20)

-0

Equations (4, 15) and (4. 16) are easily solved, and, with the application of the

conditions (4. 18) through (4. 20) one finds

_ 1 1
ps(x) = 5 ol 0<x<a, (4.21)
1+ 2
d
and
1 expl (a-x)/d .
ps) = 33 P(a? L acx (4. 22)
1+E
2

J.D. Atkinson, Spectral Density of First Order Piecewise Linear
Systems Excited by White Noise , (iinpublished Ph. D. Dissertation,
California Institute of Technology, 1967).
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The performance index,

.
r=x[/ Lhal+x"Tas], (4.23)
0

&

needs some modification for the time independent situation, Inithe steady-state,
the integrand, -

lal + XZ (4. 24)

will have an expected value which is some constant. It is clear that this
expected value should be made a minimum. Having ps(X), it is easy to

determine
2
KQE[|u|+x] (4. 25)

as a function of the parameter a and then to minimize. The details are as

follows:

o]

K= 2[ [|u|+x2]ps(x)dx

0
=2 Ps(x)dx+zj x"p_(x)dx +2 [ x P _(x)dx
a 0 a
3
P I S +z-i3-. 101 ., 4 Lit(1+a/da)’]
ST L2 3. 2da .2 2d l1+a :
d d d
(4. 26)
Introducing the parameter 4 = 1 + a/d,
1,21 w-y’ aw®] |
K ='—-‘d[-— —< 4 ] (4.27
(M) =" 3 m m ’ A )
or
d2 3
MK = 1 + 5 W™ +3u+2]. (4. 28)
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2

~ d 2 2
Now, 4 MRM)] = — Bu"+31 =4 Eu2+1]= K(u) +pi‘1§—, (4.29)
du - 3 du
dK
For an extremum ——= 0, then,
du
2. .2 d? 3
ukK(M*) = uxd [ux“4+ 1] = 1+5 k™ +3u%x+27]35 (4.30)
so M* satisfies
2
2 2..3 2d
— 3R = —— 4. 31
;du l4——, ( )
and
3 \1/3
VE Q_-}-—”—Z' . (4.32)
2d ‘
Then,
' 1/3
a% = d G+—-3——Z- -1 . (4.33)
2d’ ‘ ,
Note that
| a® 3 1
K (U%) = 14 — ‘-1+ —_ +3ux* +2:‘
3 2
L 2d
S P TR R AT S TTUR I (4. 34)
2
2d
so that '
, 2/3
» _
R(u*) = d°[uxb+ 1] = d° [(1+—% +1]. (4. 35)
: 2d

Since a is restricted to the interval 0 < a <, extrema may occur at the

endpoints. First, note that

lim K(U) = o,  (4.36)

a—ow

so this point is ruled out as a minimum, When a= 0, K = 1, and

K(l) = 1 +2d°. ' ‘ (4.37)
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It is now necessary only to show K(1) > K(u*) to conclude that u* does in

fact achieve the minimum . Now,

2
K(u*) = d2+d H*Z , (4. 38)

so it is only required to show that

aul< 1+a°, (4.39)
or
2 1
Mr <l + -, (4. 40)
2
d
or
wl <14 e (4.41)
d d d
but
2
6
p =Q+—3—— 1y 2y 2 (4. 42)
2 2 4
2d d 4d :
and, since
3 1 '
—?—4 < = + 3 (4.43)
4d d- d '
for any d, the desired result is attained.
Another solution based on an assumed form for minimum cost.
Reconsidering the performance index,
' 2
J=E[j(}u|+x )ds] , T (4. 44)
0

it should be clear that for large T

J ~ K#&)r,
This observation provides a second méthod of determining the steady-state

behavior. Notice that the asymptotic behavior of J, to the first approximation,
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does not depend upon the initial state of the system. The value of J, in
full detail, would of course depend upon the initial state. To reflect this

"residual'' effect of the initial state, a performance index of the form

J =T +4(x) | (4. 45)
is proposed‘ in the steady-state. One expects to identify A as K(u*), but
at this stage this is not required. Rathér, it will be deduced from the ensuing
analysis.
Inserting the assumed form,(4. 45)or J(x, 7) into équation (4.9), a problem

involving only ordinary differential equations is obtained; namely,

2 . SR :
_ d f df 2 . af
A= d - ——-—dx-l-x +mm<1, dx),x>0, (4. 46)
dx
with the boundary condition
df R '
Ix (0)= 0. | | o (4.47)

(The initial condition has, of course, been dropped. ). Since this problem

does not involve f(x) eicplicitly, introduce

A df . ' . :
gx) = 3% (4. 48)
and obtain the problem
_ dg 2 .
A= d 8 +x" +min(l,g), x>0, (4, 49)
g(0) = 0. ; (4. 50)

Because of the initial condition, g <1 for some region near x = 0.

Solving for g in this region first yields

) | )
A= a-98 4.5 i . (4.51)



Then,

3
gd=ﬁ3—+xx. . (4.52)

This solution is valid up to the point, say x = a, when g = 1. Then
3

d= - -“-‘3--+xa. (4. 53)

Now solving for g in the Iiext.intervaI\ over whiéh g > 1 leads to

A= d -gf;—-g-i-xz 11, (4. 54)
and
g(a) = 1 . ' (4. 55)

It is easy to determine a particular solution of this differential equation

having the form
- o2 6
gplx) =ax +8x + y (4. 56)

Inserting this form, and equating coefficients of like powers of x, yields

gP(x) =x2 + 2dx +1-—)\+2d2. (4.57)
The general solution of the homogeneous equation is
g(x) = k explx/d] | (4. 58)

The presence of such a term in the residual would seem to be unreasonable,
particularly in view of the 1/d factor in the exponential. 3 Therefore take
k = 0, so that the solution for g >1 is just gP(x).

Condition (4. 55) on gP(a)requires that

0 =a’ +2ad-1 +2d° (4. 59)

In the limiting case, d =0, the optimal control law is obviously u = sgnx;
it follows that A = 0 and g(x) = x2,
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This equation, together with(4.53)serves to deferrnine both a and A :

’ 3 1/3 - ,
a= d[Q-l-—-—-z‘- - ] ‘ (4. 60)

r=d? [ (1+a/d)? +1] = &° [u*2+.13= K(u*), . .(4.61)

These results are identical to those obtained previously.

To complete the analysis, note that

X . . )
f(x) = | g(g)de, , (4. 62)
0. B o
and
- %X‘L)a 0<x<a, (4. 63)

f(x) = fo(x) = -i% (A x2

and
‘ f(x) = fl(x).= fo(a) + —31- (x3—a%)+ d(xz-a2)+ (1-2 + Zdz)(xja),

a < x. (4. 64)
£f{0) = 0 is assumed. It can be verified that g(x) <1 for 0 £x <a, sono
switching can occur in this interval. Finally, note that g(x) >1 for allx > a,

so there are no more switching points.

4.1.2 Time-dependent problem

Formulation as a "free-boundary'' problem.

Now tonsider again the full equations (4.9) through (4. 11). Equation (4.9) is
clearly nonlinear . There is another way to state the problem which is of

some interest. (4. 9)can be broken up into two equations:

2 33
2 24
___561 = q 22 JZ +x° ., 3x 1 (4. 65)
dx
XA 2’1 37 | 2 2L (4. 66)
3T Sx2 T 3x txX O+, Ax 7 y



If the solution were at hand, _Sa;g—: 1 would describe a curve in the x-T

plane. Conversely, if.this éurve' were known, these two equations could be
solved from the knowledge of the initial and boundé.ry conditions. This

type of problem in which a boundary curve must be found along with the
solutions is known as a “frylee-b_oundary”_proble‘m4. ‘

A traditional problem of this sort is that of determining the temperature
in a one-dimensional material which is part liquid, part solid--a melting or
freezing problem.b The free boundary in this case is the i;aterface between
liquid and solid5. Unfortunately, an examination of the methods employed
to solve fnelting problems reveals that they are inadequate for treating

the problem above.

A Nonlinear integral equation. Equation (4.9) can be rewritten as

2

LJ‘Q ._?L_dé_ +—-—a—- J=x2+m1n ].,'a'i )

x >0 (4. 67)
Suppose one can find a function G(x, tF) which has the properties

1.G=0, x>0, v>0,

. 3G
lim | = (g, +lx) =0, (4. 68)
x—'0+ ox
and -
1im0j G(E& 7 |x) £(8) d€ = f(x) for any x > 0. (4. 69)
T 0
4

A. Friedman, Partial Differential Equations of Parabolic Type, Chapter 8.

> Ibid.
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Then J(x, T ) can be represented as

T ®
s =) [ G(er -s‘x)[xz + min(1, S_J_(g,s))] dg ds. (4.70)
00 5

To verify this, first note that

. * 2
Li(x, ) = ll—l’.r'lr,{)G(§’T°S|x)[ g +min(l, 2¢-(2,5)) | ae (4.71)

since LLG = 0. Then, because of (4, 69)this reduces to

Lifx,7) = x° +min (1, 2= (5,7) , x>0, (4.72)
which is just (4.67)Clearly,(4, 70)implies that J(x,0) = 0, and
, J
11m0+ g“‘x"‘ (x, 7) =0 because of(4,68) Then(4.70) provides a representation
x—'

which meets all conditions required of J(x, t). This is a nonlinear integral
equation for J.
Fortunately, the function G(x, 7 |2) is available. 6 Caughey and Dienes

studied the following one-dimensional stochastic differential equation:
X = —sgnx +w (t), (4.73)

with w(t) the Wiener process having the property. E[w(i:) w(s)1 = d|t-s|. The

Fokker-Planck equation associated with (4, 73) is

2
-a—T=+sgnE§—T+da—-I

6 T.K. Caughey and J. K. Dienes, "Analysis of a Non-linear First Order

System with a White Noise Input', Journal of Applied Physics, XXXII,
2476-2479.
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and the backward equation is

2
3T _ oT . ., 2 T
3T ~ 8gn Xx ax+d > (4.75)
ax
Caughey and Dienes found a function, T, which satisfies both of these
equations: ?
- L® 42
T(8, 7|x) = exP[l/lzgl/‘ﬂ J e au
21 d
1 1 1 2 2
+ exp t35 |x|- 5 lel- ——Ue-x)" ++77
2d 2d 4dr - . ,
172 (4.76)
(41 dt)
where
| + |1§/12‘t . (4. 77)
2(dt)” "7

(Actually, in their paper only the solution valid for x > 0 is given; the expression
above is the valid expression for any x). This function is not quite G(x, 7 |E).

It sa.tis'fies(4.67)ahd(4.69) as is evident from the reference cited but does not
satisfy (4.68)Consider G(§, T | x) g TE, 7 |x) +T(-&r | x). (4.78)

Clearly LG +‘O,’: and
'1]_1_% G(& 7| x) = 8(x-8) + 8(x+E) . (4.79)
However,
lim fmG(g, %) £(€) d€= £(x) for anyx > 0, (4. 80)
=0 o

i.e., G satisfies (4.69). -
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Now it is evident that T has the property that

T(5T| x)=T( &7 }». (4.81)
Then,
AT -_oT ¢ _
aX(-‘:I,TIx)——ax(s,rlx). (4. 82)
It follows that
3G _3T .o .. _ BT )
a (Sl =S Grlx) - 22 (8,1 |w, (4.83)
and in particular
3G = 0
Tx (»T10)=0; (4. 84)

so G satisfies (4, 68)
Using(4.78) the represenatation for J by means of the function

T(E, 1| x ) becomes ,

J(x, 1) = fom (T(g v-s]x )+T(-€, -5 |x) [52 +min(1, -—g%— (g., s)] deds,
i (4. 85)
Some simplification is possible. Note that
o 0
J 1wl xsfas - [ T8 e )etae. (4. 86)

Then,

T * T,®
Jor)= [ [ T(6 r-slx) €2dgdr +] [IT(E -8 |x) + T(-gr-s|x )]min(l,fgl)dus,
0 -~ 090 .

sy (4. 87)
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A slightly simpler looking equation is obtained by differentiating with

respect to x and introducing

plx, 1) g 'BQ;J(X:T ): . (4.88)
T ™
p(x, 7)) =T(x,7) +j f [-%{—(5, T-s‘ x) + %{— -&r-s|x )]min (1, p(g,s))dEds,
0 0 <
(4. 89)
where
A et el 3T 2
Tix,7) = [ { = r-s|g) £°deds (4. 90)
0 - ‘

Evaluation of an integral:

T(x, v ) does not involve J(x, T ) and so can be evaluated separately,
Because of the complex nature of T, a somewhat indirect method will be
employed.

First, note that

t ®
2
rat) = = [ T(gs]0 g ds. (4. 91)
o 0 - ‘
’The quantity
. TE s|x) ezdg & m(x,s) | ’ (4. 92)

‘has the interpretation as the mean-square displacement given the initial
state x, s units of time earlier, for the problem considered by Caughey and

Dienes, Since m(x,s) also satisfies the backward equa.tion:7

7'Panyne, op. cit.
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'__L_Jamavz,s = f ‘aa{' (& sl|x) §zd§

.= ‘ ‘ 2 :

< B ) “ 2

=‘[ (-sgnx-a%( +d ____82) T(g,slx) £ dE
-0 X

2 ©

2

= (-sgnx ———aax +d ———342 f T, s]x) e%ae
T L

2
(-sgnx -ga-;+d o )m(x,s). . (4.93)
AX

The initial condition is easily obtained:

o v}

lim m(x,s) = lim f T(E, s|x) EZdE'= xz. e (4. 94)
s—0 s°0 -

Equation (4. 93) " may be solved by means of a Laplace transform. Let

— A T ot . ~
mE N 2 [ e Mmx by, ~ (4. 95)
-0
Then,
2 3™ azi'ﬁ‘
Am -x = -sgnx +d —=- (4. 96)
d3x aXZ

It is easily verified that

W= Lxt - 2|x|+ -2 (1+d)) C(4.97)
P 22 23

> |-

is ‘a particular solution. Then T can be represented as

m = mp+m0, (4. 98)
where 'rr‘x_'o satisfies
¥ az'rEo
)xmo =-sgnx .BX +d4 - 2 | | - {4.99)
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The general solution of this equation is

™, = A exp [—G1|x|] + B exp [—clexl 1, (4. 100)

~

o 1 . 1
, - ‘ ,\/ + . 101
@ =3 A+ 1/4d . (4. 101)

(The symmetry of TT | has been used to identify coefficients from the

where

region x < 0 with those for x > 0.) To determine the coefficients A and B two

conditions are applied:

(1) m(x, )\)‘is analytic for all sufficiently large X . 8 (4. 102)
2) : am
Sx | x= 0~ 0. (4. 103)

(This derives from properties of T(x, v |# ).) The first of these
conditions requires taking B = 0.

From the second of these conditions

A= =2 , (4. 104)

VN 174 -1/2

so the total solution is

| 2
m = %xz—%lxh Laran)- "2 L /57 1/ad exP[(Zd V—V“”‘@

X }\. A (’v-__d— +1/4d-1/24d)

(4. 105)

This follows by assuming m(x,t) = O(eCt) for some constant Cas t » »,
m (x, A ) is then analytic for any X such that Re (A) > C.
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One can verify that the initial condition,

Lim X\ ¥(x,) )= lim m(x,t) = xz, ' (4. 106)
A= w® t-0

is satisfied.

Referring to equation (4. 91),

am(x,\)_ 2x _ 2sgnx
gt —)—\g—+ ——g—- ( x+ 1/4d )le]
(4. 107)

‘Finally, one can obtain

fee]

Tx,a)=] e ™o t)ae, | © (4. 108)
0

by noting that the time integration corresponds to division by A

T(x, ) = 2;: _ ng3nx + s%nx exp[ (zld ‘\/H 1/4d)|x|].
A>

A A

(4 109)
The inversion of this expression can be accomplished by means of
the formula

Cexp[ N AT o )Rt LR g [—;:J »or >0, (4.110)
' . 124k

where i erfc is the nth integral of the complementary error function. 9,10 (The

left side is the Laplace transform in the variable ) of the expression on the right. )

9 M. Abramovitz and 1. A. Stegm, Handbook of Mathematmal Functions, 1026,

formula (293.86).

10 1154, 299.
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Noting that

f(\) — glt) (4. 111)

implies that

-

£ +a) — e g (t), | O a12)

-

it is evident that if

exp[ Y\ + 1’/4d/v];__’
‘ 3

13

g(t), - © (4. 113)

then

exp[. _\/—)\- /v] — et/4d

(\-1/4d)

g(t). | (4. 114)

the denominator of(4.114) can be expanded as follows

L = 1 R 1\ (ntl)(n+2)

3° 3 =3 X *tTa) T . (4.115)
(A-1/4d).” A7(1-1/4xd) -~ n=0

Then,
1 t
T(x,t) = 2x1:—1;2 sgnx + 2 sgnx exp[zi—-|x| - 23l
k -
m .
e (k+1)2(k+2) (41d> (ar)<T22RTE 1]
- k=0 ‘ 2Ndt |

2 1 t
= 2xt _tZ sgnx t+ 16t sgnx exp[—iglxl ~ad
o k -
. T (—3—) (k+1)(k+2) 12574 erte l:—l’i‘_—J (4,116
k=0 2Vat
(I‘his expression can be checked for x = 0. For this purpose note that

1
; iZk+4 erfc(0) = L

znr(—z’1 + 1) 4520 (k43)

i erfc(0) =

k- 1 '
gk M (4. 117)
(k+2)!

1 nia, p. 300.
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Then

: - - k
2 2 t ® 1 1 t )
+ = - - — —_ = (X =
L7 t"+ 16" exp L 4d_l E:Q k! 16 (4 > o
(4.118)

To simplify the expression somewhat, introduce the normalized integrals of the

error function:

% erfc(x) = i® erfe(x) (4. 119)

D

- ., .
i erfc(0) = 1, (4. 120)

N
o]

=
A
NB

Then,

and for allx > 0, in erfc{x) < 1. 12 Then,

T (x,t) = 2xt-sgnx: t2 + sgnx tz exp é% |xl-— :L—:l-— T ('j;-;a) 11(—'- '12k+4erfc [__lﬁ.l_—
’ k=0 ' 2Vat _
(4.121)

For purposes of numerical computation, it is useful to introduce the

variables
n= x/d
0 = t/d
Then
L(xt Zne-ezsgn (n) + 82 sgn(n) exp [.L'Q_L - __6_]
2 2 4

= 2 Ve

K
. (.EL) i{l_'_ 2ktd o [_Jﬂl_] o (40122

L B

The appealing aspect of this expression is that the right hand side is

12 .
Ibid, p. 300. -
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independent of d, so that numerical computations need only be made for
pairs of variables (1, 6) rather than for sets of three variables (x,t,d) as
suggested by (4. 121),

Discussion of the integral equation. The complexity of the integral

«

equation (4.89) would seem to preclude the possibility of determining an
exact analytical solution. In principle, one possible means of obtaining a

solution is as follows, Set

Polxs7) = Tlx, 1) (4.123)

and then successively calculate

T o
B = Toum +{ [ [2] (g sl + Legrs| )] minli,p (e s) aza

(4. 124)

bue to the nonlinear character of this formuia; it is not even evident‘ that such
a Asv'cheme would converge.

- At this point some basic questions remain. Does the integral equation
have a solution? If so, is it unique? Does the iterative scheme suggested
above converge to the solution? Are there any useful approximations based
on the integral equation, say, for the noise parameter, d, very small or

very large?
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4.2 Two-Dimensional Problem

Unfortunately, very little of the analysis which could be carried out
for the one-dimensional problem can be extended to the two-dimensional
problem. Recall that the Hamilton-Jacobi formulation resulted in the

requirement that the performance index,J, satisfy

2_ . -
29 min [d—a--ir + vy —B-L-T—+u E-TR + |u] +x2. , (2.31)
oT ayz ax Y -

This problem has symmetry properties but these are not as simple
as for the one-dimensional problem. If the indicated minimization is performed,

there remains

2 ; ‘ : .
T-1 N - N S —l-é-ll+x2+min(1, _a_;r_‘) (4. 125)
aT 2 3% Y Y
oy
From this it is ¢lear that
J(x,y) = J(-x, -y). (4. 126)

The direct method employed to study the steady-state of the one-
dimensional problem is not applicable to the two-dimensional problem because
the form of the control law is no longer obvious. It entails a switching curve
rather than a switching point. However, again considering the second method

employed previously, namely assuimg a steady-state solution of the form
T =21 +£(xv) (4.127)

leads to f(x, y) satisfying |
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2
3f 3 ‘

2+yax—
dY

There are two significant differences between this formulation of

£l 2 - £ |

A= d aay l+x + min <1 ‘S';I ) (4. 128)
the stéa,dy-staté problem and that for the one-dimensional problem. First,

(4. 128)is still a partial differential equation [cf. eqn.(4.46)] Second, no
'boundary conditions are presented here. The first step to a successful
solution 'of(4.128)is the determination of proper boundary conditions.

The study of the time-dependent problerﬁ is plagued by even more
difficulties. There is no apparently convenient wa*j to formulate this problem
as a nbnlineé,r integral equation. This diffiéuity derives from 1) the lack of
a useful reformulation of the problem by making use of symmetry and othef
intuitive properties of J (cf. eqns. (4. 9) through (4. 11), and 2) the lack of a
two-dimensional ""bang-bang'' solution corresponding to (4. 76).

It appears that any practical attempt to solve these problems has to

be a numerical approach.
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Chapter 5

NUMERICAL SOLUTIONS OF THE STOCHASTIC
HAMILTON-JACOBI TYPE PROBLEMS

This chapter presents numerical analyses and results for the t&&o
Hamilton-Jacobi type partial differential equations deiived in Section 2.2. The
approach of this chapter is to use the simplest numerical techniques that
are consistent with reasonably accurate results--even at the expensé of
computation time, if necessary. While the technique‘s"fappli'éd involve digital
computer operations, discussion of these operatibns'will be minimized
in favor of problem related matters. The actual computer programs will
be presented, however, ‘because they are quite simple and pinpoint the

methods used.

5.1 The One-Dimensional Problem

5.1.1 Numerical Formulation
The one-dimensional Hamilton-Jacobi type equation for the antenna steering
problem is, as was mentioned before, a parabolic partial differential

equation, . Typically such equations require boundary conditions of the form

Iy, 7) = 3,(7) y=y, 720 (5.1)
I(y,, T) = T, (1) Y=y, 720 (5. 2)
J(Y:O)":J3(Y)’ VS YEY, T=E0 (5.3).

The condition(5.3)is clearly available here; it is, by Property 2. 2-1,
Iy, 0) = I (y) = 0. ' (5. 4)
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Conditions corresponding to{5.1and{5.2)are not so readily availabie. The
only relevent property—is the symmetry condition, Property 2.2-2, It
was remarked in‘Seéﬁon 3.2.2 that a condiﬁon corresponding to Properfy 2,1-
is not available for: thé sfochasiic pro'blem, because the expected cost for
inij:ial}y zero pplsi‘.tio.n: errors is not known without somehow solving th’e
basig problem in the first place. It is also true that thé range of definition
of the state variabie, y, is unrestricted. The net result is that the only
r»easgngble bopn@aries correéponding to(5.1)and(5.2are what might he called
the’natuyxi-al bqupdarigs consistent with symmetry and(5.3). This is, then,
a pure initial value problem,

‘To reduce (2. 6‘8)3 to a numerical relationship, a rectangular grid is
placed over a region, R, of phase space that includes part of the line
T= 0 and the state domain of interest, say, 0< y< b. (The negative region
will follow by summetry.) The grid spacing in the y direction is A, and
that in the T direction 'is 6. At a mesh poiﬁt, Vi Tpe

. A
, J(yi, Tn) =J({1iA, nd) = ‘Ti o {5.5)

L

If imax_z is the number of interval grid points in a single row of y in R,

then A is defined such that

(G -1)A=b (5. 6)

A bound on dwill be dictated by convergence properties of the numerical
procedure and by the time domain of interest.
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The simplest convergent finite difference representation for (2.68)
uses a central difference formula for Jyy and JY and a forward difference

for JT. : Thus, 1et

-J
i,n+l i,
L (5.7
J -J
i+l,n i-1,n
Jy = 28 s (5. 8)
and
B O W S R SR 5.9)
~ > .
vy A
Substituting in (2 68) and rearranging terms leads to
Ji,n+1= {c - uoa.) Ji—;l,hf(l-_zc) Ji,n
+{c+ua)l +5[(i-1)2A2+|u 1] (5. 10)
o i+l,n ( : o'"’ ‘
where
od
c= —5 , , (5.11)
A .

and u is the optimum control selected in accordance with Pro,pefrty 2.2-9,
Actually all that will be required for U by way of assumptions is to make .
some reasonable assumptions about its regions of constant state.

It can be shown that(5.10)is a useful apﬁroximat_ion to (2, .68) as long as

1'I‘l'ie usual subscript notation will be used here to represent partial differen-
- tiation. Context should prevent confusion with the grid notation.
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2
1
& -
c<s 5 .
That this result is also valid for piecewise constant u_is assumed. Formula (5
has errors of o(AZ) for constant uc.._3 It will be assumed that equivalent -

errors apply for the present problem. For the particular case in which ¢ =

=

(5.10)reduces to a form similar to the familiar Schmidt formula of heat

transfer:

. ' 1
Ji,n+1 - (‘i - uoa) Ji-l,n . 2 + uoa) Ji+1,n

3
+o[ (-1)%a% + luol 1. (5.13)

The boundary and initial conditions become

J. . =0, i=1,2,...1i ' (5. 14)
i, 1 max
- - - 5,15
Jo’n Jz’nz n 1’2a~--: nmax’ ( ) .
and
i a3 w7 28t 3m, - (5.16)
max max max max

n=1,2, ..., n .
» ' "max

Equation (5. 14) is just a numerical transliteration of (5.4). Equation (5. 15) is

an application of the symmetry property. Equation (5. 16) results from a proces

of naturally extrapolating the cost surface at each time, T, b.sing Newton's

See, eg., G. Forsythe and W, R. Wasow, Finite Difference Methods
for Partial Differential Equations, sec. 14. '
3H. B. Keller, "The numerical solution of parabolic partial differential equatio:

ed. A. Ralston and H., S. Will, Mathematical Methods for Digital Computers,
135-143,
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backwall'd interpolation formula over three points.

The manner of solving(5 10)and(5, 14through(5, 16)or Ji, L, 2t the mesh
points is quite straight forward. The initial and boundary conditions determine
the values of Ji, at all the boundary points. Since J’y(y, 0) =0, u = 0
along the initial boundary {r =0). Then formula(5 10with u = 0 may be used
to determine J. for all interior points, i, and successive values of n as
long as n is small, For each n as soon as the interior points are treated, the
boundary conditions,(5.15)and(5. 16),may be ’used for the end points. Once

values of cost are obtained for an entire column (constant n), the magnitude

of the first central difference derivative,

I i+1,n'Ji-1,n

. 0 (5.17)

may be compared to unity (corresponding to Property 2.2-8). From the

results of Chapters 3 and 4 it is to be expected that the location of this derivative

condition will start at a maximum y and gradually decrease with n. Once the

derivative reaches unity, points above the unity derivative point are computed

using(5, 10)with u = -1 and those below using5. 10)\%/ith u = 0. The location
where the derivative is unity is the switching curve. No region of u = +1

control is expected in the region, R, selected, that is,for y > 0.

5.1.2 Computational Algorithm and Results
The Fortran coded computer program realizing the above algorithm

is shown in Figure 5-1, It should be noted that the particular derivative

4See, eg., L. Lapidus, Digital Computation for Chemical Engineers, 21-23,
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C "NUMERICAL INTEGRATION OF NOISEY ONE DIMENSIONAL HAMILTUN = JACORI
o TYPE EQUATIONM ]

DIMENSION F(101)
IDAY = 22

Mo = 11
I¥YR = 1967

D= 3.
DEL = o2

DELT = .005
Nl = 1000

IPUNCH = 2
C NO = 1 YES = 2,

TDEL = 2. * DEL

C = DELT * D / DEL*%2
E=1. ~2, *C
R = DELT / 2. / DEL
G=C+R )
P =€ —-R
GO TO (1,2), IPUNCH

2 _PAUSE 1

WRITE (7,167 D, DEL; DELT
1 WRITE (648) IDAY, MO, IYR, D, DEL, DELTy (I, I = 1, 101, 10)

Do 14 I = 15 101
14 F(I) = 0.

N = 1
I1 = 100
17 A = F(2)
B = F(1)
DO 3 I = 1, 11
FIMl = 1 - 1 L
F(1) = (A + F(I+1)) *# C + B % E + DELT * (FIML * DEL)*%2
A =B .
B = F(I + 1)
IF (I - 100) 3, 6, 6
3 CONTINUE -~
I1PL = 13 + 1
DO & I = I1Pl, 100
FIML = 1 - 1 : : v
FII) = A ¥ G + B % E ¥ F(I+1) % P + DELT ¥ (FIMI ¥ DELJ*%2 ¥ DELT

A=23B

B = F(T + 17
6 F(101) =3, % (F(100) = F(99)) + F(98)

IS TII = 11

5 IF (F{I1 + 1) - F(I1 - 1) = TDEL) 9, 10, 10
10 1L = 11 = 17
GO TO 5

g IF {IT = 111} 12, 13, 12
12 FT = 11 =~ 1

Y & FI ¥ DEC
FN = N o
T = (FEN = 1.0 % DELT

WRITE (6,7} Ty (F(I)y I = 1, 101,y 10}y 'Y
GO 70 (13,18), IPUNCH

18 WRITE (7416} T, Y
13 N =N+ 1

TF (N = Ni) 17, 17y 11
11 EN = N

T = (FN = 1.0 % DELT
WRITE {(647) Ty (F(I)y .1

1, 101, 10}, Y

GO TO (19,20}, 'IPUNCH
20 WRITE (7516) T, Y

19 CALL EXIT
7 FORMAT {1H 31X 13£9.,2)

8 FORMAT (1H1 19X 79HNUMERICAL INTEGRATIUN OF NOISEY DNE DIMENSIONAL
1 HAMILTON — JACOBI TYPE EQUATION / 20X 11HW. He SPUGK 46X 22HINITI

2ATED 18 AUG. 1967 / 78X 9HRUN DATE 12y 15, 15 /// 34X 3HD = E9.2,
35X SHDEL = E9.2y 5X 6HDELT = E9.,2 /// 4X 3H T 3X 11{2X 2HF( 13, 1H

%) 1X), 2X THSH. PT. /71
16 FORMAT (8E9.2)

‘END

Figure 5-1. Fortran Coded Program for Stochastic Problem 1-4.
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comparison scheme corresponding to (5. 14) coded in Figure 5-1 results in
a value for the switching curve that is slightly below the actual curve,

In fact, the actual curve (within the validity of the numerical approxirhation)
will fall somewhere between the indicated point and A units above this point.

Table 5-1 is a summary listing of the switchingvpbints produced by the
computational algorithm. Figure 5-2 shows a plot of this data. Both give

results for various values of the noise coefficient, d.

It is interesting to note that for small times to go (small 7) the switching
curves closely approximate the swit;:hing curve for the noiseless case, At
the opposite extreme, for large times to go the switching point is very near
the steady state value obtained analytically in Chapter 4. The steady state
results are compared in Figure 5-3 for various d.

The results presented here must be considered preliminary in that the
numerical conditions under which they were completed are not thoroughly
understood. Thus, for instance, the effects of the choice of grid size are
not known nor are the effects of the extrapolated upper boundary condition,

5.2 The Two-Dimensional Problem

Results for the numerical solution of the two-dimensional Hamilton-
Jacobi type equation, (2.31), have not been obtained é.s of the date of this
repért. The foliowing formulation of a numerical algorithm is a direct
extension of that used for the one-dimensional problem and should yield
equivalen‘t results if the computation times do not become excessive,
5.2.1 Numerical Fofmulation

The two-dimensional equation for the altitude control problem, (2.67),
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d**
T« N\J.001 | .o1 1 3 1. 3,
1. 0.48 0. 40 0.40 0. 60 0.60
2. | o.28 0. 40 0. 40 0.40 0.40
3. 0.18 0.24 0.40 0. 40 0. 40 0.20
4, 0.15 | o0.22 0.40 | 0.40 0. 40 0.20
5, 0.13 | 0.22 0.40 0. 40 0.20 0.20
6. 0.12 0.22 0. 40 0. 40 0.20 0.20
7. 0.11 0.22 0.40 0. 40 0.20 0.20
8.  10.11 0.22 0.40 0.40 0.20 0.20
9. 0.11 0.22 0. 40 0. 40 0.20 0.20
10, lo.11 | o.22 0.40 0. 40 0.20 0.20

Table 5-1.

%
See equation (2.'65)

£t e
See equation (2. 64)

Location of Switching Points for Stochastic Problem 1-4.

96




[R5 Ay e RE W3 3 )

in

S -

\

.1 .2 . g 4 .9 . B .7 .8 .9 10
TAU

Figure 5-2, Switching Curves for Stochastic Problem 1-4 (for various
values of d).
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Note: @ From figure 5-2
-From formula (4. 33)

Figure 5-3., Steady State Switching Points for Stochastic Problem 1-4,
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is a parabolic partial differential equation as is the one-dimensional equation.

Typically these equations require boundary conditions of the form

) Y} = | = Ly <y  0:<T' st K : .

) : = =x v <vy< " < ’." o "5 19

J(XZ, Y, T) JZ(Y' T),x xZ’ Yl__ y= er 0 =T (5.19)

‘ = <x <. =y.. 0<T:

J(x,yl, T) J'3x, ™, X Zx<x, ¥ AT 0<T; (5.20)

= ' <x < = < T 21

J(x, Yy T) J4(x, T), X, Sx<x,, ¥ Voo 0<T; (5.21)

~and . :
= < ’ =

J(x,y, 0) Js(xa ¥), xl _xfxzb Y15Y5 YZ. T=0, (5. 22)_

Condition (5.22) is clearly available by Property 2. 2-1:
J(x,’ v, 0) = J'hs(x, y) = 0. o : (5.23)

The other conditions are not readily ‘av.a.il'able. This will again lead to the
assumption of '""natural" bound'ary conditions. A degree of symmetry is
also a,pplic.able to the two-dimensional problem, and this allows the %) of (5.21)
through (5.23) to be selected as zero; that is, only half the state plane need be
cbﬁsidered. The cost ét r;egat'ive x véiués is tﬁen the correSponaing value at
the point image through the origin.

Equation (2.67) is now reduced to a numerical relationship by placing
a rectangular grid in a region, R, of phase space. This region is bounded by
the surfaces T= 0 and x = 0, and extgnds in other directions to cover the regions
of interest. (7> 0 and x > 0, of céd?‘se.) The grid spacing in the x direction is

A % in the y direction Ay’ and in the Tdirection 8. At a mesh point, x, 33{ . 'Tn,
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. , A
= 1 - 5 = .
J(xi, Yy Tn) J(i AX.kAY bz.n ) Ji, K, n (5. 24)

I i -2 and k -2 are the number of internal grid points in a single row
max max : '

of X and y, respectively, in R, then Ax and AY are defined such that

(nax 1) A =B o , (5. 25)

and

(k___-1) . =.2b (5. 26)

ma 2°
A bound on Swill be de;ermiﬁed in the sequel

The simplest converéent finite differénce representation for (2. 67) uses
' a‘ central difference fofmula fo? Jﬁ, Jy, aﬁd .TX and a forward difference for
J'_I_. (See (5. 7) through (5.9)Thus leads to the recﬁrsion"rellationship"

Tikn 4= (€793) Ty o+ (1-2e) T

’ k,n
tletua)d i, P Uiy kn i1, k)
- L 2,2
tellu [+@-n7a, 1, o (5.27)
~ where
c = 9% , | (5.28)
A% ~
y
A= b
To2A
X
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e = ——L- R (5. 30)

and u_ is the optimum control as before, It can be shown that (5.27) is
a useful approximation to (2, 67) for constant u_ as long as

7

. R 5 .
dé(‘l"é + ——15) s%—. (5.31)
A A
S

The validity of this result in the present case is assumed. It will be assumed

that(5.27haé errors of o(Ay) + o{(A ). (The errors probably are of
x

2
o(Afr ) + oA ), but the assumption is sufficient. The particular case in which
X ‘

the coefficient of J1 k n vanishes is unstable by (5.31).
? ?

The boundary and initial conditions here are

Ji’k,]_:o, 1=1,2’¢co’1maxl k=1,2,...,kmax; (5.32)
JO”k'n:‘ Jz’k + 1—k’n)' k = 1] Zjoongkmax’t];:l’z,.... (5‘ 33)
max
Jl ’kf) - 3(Ji -i'k;n-Ji -Zakan) + Ji "3-,k1n!
max max max max '
k=2,3,...’k -1’ n:l’z’...;
max
Tit,n ™ 3 2,075, 3,0) F T 40

i=2,3,;.~’,i "1, n=1,2,¢n¢;
max ’

(5.34)

(5. 35)

See, eg. y G‘.b D. Smith, Numerical Solution of Partial Differential Equations,

41-420
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i, k , k -1,n i,k -2,n "i,k -3,n’
max max max max
i=2,3,...,k -I,n=1,2,...; (5. 3¢
X
3 =213 I )+ 7 ] ‘
1,1,n 2 L 1,2,n "1,3,n 1,4,n
‘+l[3(.]‘ . -3 )+ T ]
2 2,1,n "3,1,n 4,1,n""’

n=12,..., (5.3
7 ‘=—1-[3(J' -3 )+ 7
1,k ,n_ 2 1,k -1,n "1,k -2,n 1,k -3,n],
max’ . : max max _ max: :
+l[3J J )+ J ]
20305 1 a73, 4,k _,n
max, n ' max
n=1’21000 ; ‘ (5-3I
7 ==[3( -3 )+3 ]
i ,1,n 2 i -1,1,n i -2,1,n i -3,1,n
a ax ax
+-£[3(J J )+ 7T
2 i ,2,n i ,3,n i ,4,n],
max max X
n=1,2,... ; (5. 3"
and
1 :
Ji , k ,n—-2_[3(J° -1,k ,n—Jz -2,k ,n)
max’ max max max max max
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1 ,
s f.3(Ji Tk _l’n-Ji Tk
max max max max

-2,n) + 7, _3’n],

max' max

n=1,2,... (5. 40)

Equation (5.32) is ijust the numerical equivalent of (5.23). Equation (5. 33)
represents the symmetry property. Equations (5. 34) fhrough (5.36) are
extrapolations based on Newton's forward or backward interpolatibn formulae.
Finally, (5.37) through (5.40) are averages of Newton's formula extrapolations
in the x and y directions at the corners.

The manner of solving these numerical relations for Ji X n at the
H4 ?

mesh points closely parallels the one-dimensional method. The initial and

boundary conditions determine the values of J,

i,k,n at all boundary points.

Since Jy(x, vy, 0) = 0, u = 0 on the initial boundary (T=0). Then formula

(5.27) with u = 0 may be used to détermine J, for all interior points, i,

i,k,n

of successive columns, k, and for successive but small values of n, The

values of Ji X n for column k-1 must be'preserved for use when computing

Ji k. ntl because of the particular form of (5.27). For each n the boundary
H ?

conditions (5.34) through (5. 40) may be applied once all of the interior points
have been treated. When the cost over the entire region, R, at time nbhas

been calculated, the value of the first central difference

Ji, k+1, n-Ji,k'- 1,n

J =~
24
y y

(5.41)

may be compared to plus and minus one for each interior point of R,

. The results of Chapter 3 suggest that this partial derivative will pass through
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each of +1 and -1 at:only one point per coh;xmn (per k). The locations of

these tw}s;o po}i;1té form two swiééhing ;:ur\.res by i:’x;operty 2.2-9. Above the

JY = +1 curve (i.e., for larger algebraic values of Y) the cost should be
computed gsing (5f 27? yith p.o -1, Be?lo?v the JY = -1 line (i-. e., smaller algebrai
ly), (5.27) ‘s}vlogld be qseq with ’uo =+1., In beﬁeen, of course, uo’ = 0‘ should

~ be used. | kIn each cv:ase.the calculation i)rocedtl;ré should Be as described for

the uo = 0 case for small n,

5.2.2 Computational Algorithm and Results
As noted previously, numerical results are not presently available for

the two dimensional case. These results will appear in a future report. -
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Chapter 6

CONCLUSIONS

It is the purpose of this chapter to briefly summarize the
results presented in this report and to indicate the work that remains
to be done before this study can be considered complete. It should
be emphasized that this réport is primarily intended to indicate the
status of the study effort. It should also be made evident that the
completion of the study amounts to reaching certain arbitrarily defined

goals, certainly not exhaustion of the study area.

6.1 Summary of Results
6.1.1 Narrative Summary

Problem Formulation. The study begins by heuristically

deriving mathematical relations governing a class of attitude control
and antenna steering problems. A scaling study of these relations
reveals that there are no necessary parameters in the deterministic

case and only one in the stochastic case.

Hamilton-Jacobi Equation and Property Derivations. A -
Hamilton-Jacobi equation for the deterministic case is presented without
elaboration. This equation is drawn directly from the control system
literature. Solution of this equation is known to yield necessary and
sufficient conditions for the solution of the original problem.

For the stochastic case a Hamilton-Jacobi type equation is

derived from the Chapman-Kolmogorov equation., This derivation is
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presented in some detail, because the technique is not so well known.

A list of properties pertaining to the cost surface a_md
switching surfaces is presented for both the deterministic and stochastic
cases: These properties serve as the boundary conditions for the
Hamilton-Jacobi partial differential equations. Description of these
propérties represents a substantial step towards solving the equations.

Solution of Deterministic Equations. The method of

characteristic curves is used to solve the linear, first order Hamilton-
Jacobi equations of the deterministic case. Some of these:results have
been presented before using similarity methods, but others were.
previously unknown., All of the results presented here are derived '
from the basic boundary conditions represented by the selected list

of properties. The algebraic manipulations involved in these solutions
becomes immense, and it is shown that the classes of problems amerable
to the methods used here is quite restricted.

Analytic Treatment of Stochastic Equations. The success of

analytical treatment of the stochastic cases was far smaller than in the
deterministic cases. Nevertheless, for the antenna steering problem,
analytical treatment of the steady state situation was possible in a-
couple of ways. A similar treatment of the two-dimensional problem

was unsuccessful, Some progress on the time dependent one-dimensional
problem is reported. This leads to a nonlinear integral equation involving

the known solution to a simpler one-dimensional problem.
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Numerical Treatment of Stochastic Equations. A useful
technique for the numerical solution of the one-dimensional equation is
presented. This technique involves the s'impiest explicit-type numerical
approximation available for the equation. The computational results
provide the first available set of switching curvesand cost surfaces for
this problém. For the two-dimensional case only a computational
algorithm is presented; the computational results are still to be achieved.
6.1.2 Unique Contributions.

It is of interest to note the elements of the study as reportéd
here that do not appear elsewhere. These are as follows:

1) The investigation of the essential problem parameters.

This is primarily an engineering result.

2) The statement of a list of properties which are

sufficiént for solving the Hamilton-Jacobi type equations. -

These are of both theoretical and practical interest.

3) The complete analytical solution of the deterministic

Hamilton-Jacobi equation. This results in a complete set

of switching surfaces and a complete definition of the optimum

cost surface. These have theoretical and engineering value.

4) The analytical derivation of steady state switching points

for the stochastic one-dimensional case. This is of theoretical

and practical interest.

5) The derivation of a nonlinear integral equation for the

time dependent one-dimensional problem. This result is

primarily of theoretical interest at present.
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6) The demonstration that analytical solution of even

the steady state two-dimensional problem involves (presently)
insurmountable difficulties. This result directed the efforts
~away from énalytical treatment of thle stochastic case.

7) A numerical solution to the stochastic problems. This
has resulted, so far, in the. first presentation of the switch-
ing curves and optimum expected cost surface for the one-
dimensional problem. These loci are of considerable practical
interest.

6.2 Work Remaining To Be Done

It is obvious that the present
study is incomplete. This section lists and briefly describes the efforts
required to complete the investigation. Some of these efforts are listed
for reference only, since they might well require more effort than the
entire study to date. Topics in this latter category are appropriately
identified.

Investigate the Validity of the Stochastic Hamilton-Jacobi

Type Equation. It is more or less assured that the derived Stochastic

Hamilton-Jacobi type equation represents both necessary and sufficient
conditions for the solution of the stochastic problems as did the equation
for the deterministic case. A careful investigation of this facet of the

equation is warranted. (For reference only)
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Derive the Hamilton-Jacobi Type Equation from Fokker-

Planck Theory. Since there is a direct relationship between the Fokker-

Planck equation and the Chapman-Kolmogorov equation, it should be

possible to derive the Hamilton-Jacobi type equation directly from the
former. This would tend to place the techniques used here more into

fhe mainstream of modern stochastic system analysis.

.Derive the Property Lists Rigorously. The lists of properties

presented in Chapter 2 have been justified rather than proved from first
principles. It is of some theoretical interest to put‘ these properties on
a more mathematical basis. This is particularly tfue because the
available results tend to link the Pontryagin Maximum Principle and -
Hamilton-Jacobi approaches more than was heretofore realized. (For
reference 'only)

Complete the Algebra for the Two-Dimensional Deterministic

Problem. This set of details should be completed before the study can be
considered finished.

Compare the Results of the Two-Dimensional Deterministic

Problem with the Known Limiting Case Results. This is a complimentary

activity to the previous one.

Further Investigate the Unsolved Simpler Two-Dimensional

Stochastic Steady State Problem. A two-dimensional stochastic problem

involving bang-bang controls, which is simpler than Problem 1-3, was
identified in Chapter 4. This problem is presently unsolved. It appears
that until this simpler problem is solved analytically one cannot expect

to solve the more difficult problems posed here. (For reference only)
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Further Investigate the Integral Equation for the Time

Dependent Stochastic Problem. This integral equation could be used to

iteratively approximate the solution of the time dependent Hamilton-
Jacobi equation. Some of the properties of this equation are known,
but several more are required before a solution can be hoped for.. (For

reference only)

Obtain Numerical Results for the Two-Dimensional Stochastic
Problem. The algorithm for the two-dimensional case as derived in
Chapter 5 has not been tried. This needs to be done.

Investigate the Validity of the Numerical Methods. The

numeri(;,al methods used to solve the stochastic Hamilton-Jacobi type
equations appear valid; but their sensitivity to parameter values and
boundary condition treatment is presently largely unknown. Some
investigation of these prope;fties is essential to achieving confidence in

~ the numerical results.
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